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ABSTRACT

Let S be a locally compact (g-compact) group or semi-group, and let T(t)
be a continuous representation of S by contractions in a Banach space X.
For a regular probability ¢ on S, we study the convergence of the powers
of the y-average Uz = f T(t)xdu(t). Our main results for random walks

on a group G are:

(i) if p is adapted and strictly aperiodic, and generates a recurrent random
walk, then U™(U — I') converges strongly to 0. In particular, the random

walk is completely mixing.

(ii) If g X p is ergodic on G X G, then for every unitary representation T(.)
in a Hilbert space, U™ converges strongly to the orthogonal projection
on the space of common fixed points. These results are proved for semi-
group representations, along with some other results (previously known

only for groups) which do not assume ergodicity.

(iii) If p is spread-out with support S, then flun*t® — u™|| — 0 if and
onlyife € Uj=0 §-318i+K,
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(iv) If G is in the class [SIN] and p is adapted and strictly aperiodic,
then for every representation by contractions in a uniformly convex or
uniformly smooth Banach space, U™ converges strongly to a projection on

the common fixed points. Other results for G in [SIN] are also obtained.

1. Introduction

Let S be a locally compact (o-compact) semi-group (always assumed Hausdorft).
For a regular probability y on S, the convolution operator px f(t) = [ f(ts)du(s)
is a Markov operator on C(S), which is the average of the translation operators
8s % f(t) = f(ts). When & = G is a locally compact group with right Haar
measure A, the representation s — 6, is continuous in L,(G,A) 1 < p < oo,
Co(G) and UCBy(G).

Let X be a Banach space, and let T: S — B(X) be a bounded operator of
S (ie., T(st) = T(s)T(t), and sup, ||T(s)|| < o0). The representation is called
continuous if t — T(t)z is continuous for every € X and weakly continuous
if f(t) = (z*,T(t)x) is continuous for x € X* and z € X. For groups, this
implies (strong) continuity [HR, p.340]. For a regular probability 1 on S, the u
average U,z = [ T(t)xzdu is defined in the strong operator topology for strongly
continuous bounded representations. If X is reflexive and the representation
is weakly continuous, then U,z is defined in the weak operator topology by
(x*,Uuz) = [(x*,T(t)z)du(t). It is easily checked that U,., = U,U,, with
the convolution u * v defined by p* v(A) = [ [14(ts)du(t)dv(s). Note that
U = [T*(t)du(t) is always defined in the weak-* topology of X*.

There are two interesting problems in the study of the asymptotic behaviour

of random walks on groups:

1. The mixing problem: If u is an ergodic strictly aperiodic probability (i.e.,
G is the smallest closed normal subgroup, a class of which contains the support
of u), is the random walk generated by p completely mixing (i.e. ||u™ * f|l; — 0
for [ fdX = 0)? We give an affirmative answer if u generates a recurrent random

walk.

2. The “concentration function” problem: If G is non-compact, and p is
adapted (the closed group generated by its support is G) and strictly aperi-
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odic, do we have ||u™ * f|loo — O for every f € Co(G)? We obtain an affirmative
answer if y x u is ergodic.

The results are obtained by studying the convergence of the iterates of the
u-average of a representation of a semi-group S, under various assumptions on
p. We also extend some of the results of [DL3] from group representations (in
uniformly convex spaces) to semi-group representations.

The “concentration function” problem is given a positive solution if there exists
an open set V with compact closure such that t~!Vt = V for every t € G. This
is obtained via the study of representations of groups in the class [SIN].

Completing the work in [HoM], Willis [Wi] has recently proved the “concen-
tration function” problem for y irreducible (the closed semi-group generated
by its support is G) on any locally compact group. The problem for p adapted
and strictly aperiodic is still unsolved for arbitrary G.

2. Strong convergence of U™

One of the main problems in studying the asymptotic behaviour of random walks
on groups and of convolution powers is: If p is an ergodic strictly aperiodic

probability on G, is it completely mixing? (complete mixing means that
i % fli — 0 for f € Ly(G,)) with /fdA 0,

See [K, p.254]). The answer is affirmative in the following cases:
(1) G is compact — the Ito-Kawada theorem (e.g., [Ro, p.153] or
[DL3, cor. 3.2]).
(2) G is abelian [KeMa), [St] (see also [F1], [DL;], [DLg], [Lg]).
(3) For some n, ™ and p™*! are not musually singular [F3).
(4) p is spread out (for some n, p™ is not singular with respect to the Haar
measure A) [G]. (In particular if G is discrete.)
In this section we study the problem via general results on representations,
and we do it in the context of semi-groups. For abelian semigroups, see [L1].
Let S be a semi-group, and 7(.) a continuous bounded operator represen-
tation in a Banach space. We denote F = {y: T(t)y = yfort € S}, and
N = cm|J,es(I — T(t))X. We define similarly F, and N, for {T*(t)}. The
Hahn-Banach theorem yields that z € N < (y*, z) = 0 for every y* € F,.
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Definition: A probability x4 on a locally compact o-compact semi-group S is
called ergodic if the only g € C(S), satisfying [ g(st)du(s) = g(t) for every
t €S, are the constant functions.

We define g * u = [ g(st)du(s). Let G be a locally compact group, and f €
C(G). Define f(t) = f(¢t~'). Then

(2.1) e f(t) = / F(ts)dii(s) = / F(ts™Y)du(s) = / F(st™)du(s) = Fru(t™).

This shows that i * f > f if and only if f*p > f, and p is ergodic in that
definition if and only if p, = 1 3°7_, 4/ is an ergodic sequence in the sense of
[LW].

LEMMA 2.1: Let p be an ergodic probability on a locally compact semi-group
S, and let T(t) be a bounded continuous representation of S in a Banach space
X. Then:
() Upy*=y* & y" € F..
(i) T-U)X =N.
(ii) Fn N = {0}.
(iv) For every z € X, ¢o{ T(t)z: t € S} N F has at most one point.

Proof: We denote U, by U. We may assume ||T(t)|| < 1.
(i) Let U*y* = y*. For x € X define g(t) = (y*,T(t)z). Then

g*u(t) = / g(st)du(s) = / (y*, T(s)T(t)x)du(s)
= (y", UT(t)x) = (y*, T(t)z) = g(t)-

Hence g(t) is constant by ergodicity of u, and integration with respect to
yields ¢(t) = (y*,z). Thus (T*(t)y*,z) = (y*,z) for every t € S and z € X, so
y* € F,.

(i) Obviously (I— U)X C N. The Hahn-Banach theorem and (i) yield
equality.

(i) FAN c{y:Uy=9y} NN ={y:Uy=y}n (I - U)X = {0}.

(iv) Let 1 # y2 be in C = to{ T(t)z: t € S}. Then for every y* € F, we
have (y*,31) = (y*,y2), since y* is constant on C. Thus 0 #y; —y2 € FNN, a
contradiction. |
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Remarks: (1) Property (ii) is equivalent to saying that & z;\;l U7 is a right-
ergodic sequence for { T(t): t € §}; see [K, pp. 75-81]. For any u (ergodic or
not), we have (i)& (ii).

(2) Let X be the dual of the example of [AlBi], and S the dual of the (two-
point) semi-group they construct. Since X* is now uniformly convex, (i) holds,
and p = (8 + 82) is ergodic.

However, there exists y € X, Uy = y, with y ¢ F. This shows that right
ergodicity is not sufficient for Eberlein’s theorem [E] (see [K, p.76]), and answers
negatively the question of [K, p.78].

(3) If the only functions g € C(S) satisfying u *x g = g are constants, a similar
proof shows Uy = y & y € F (weak continuity is sufficient for this proof as well
as for Lemma 2.1(i)). Note that for a group, this is ergodicity of i, by (2.1).
However, ¢ may be ergodic with & not ergodic [G], [D2), [Ds].

(4) Ergodic probabilities exist on a locally compact o-compact group if it is
amenable ([KaV], [Ros]), and only if ([A],[Fu}).

(5) In an Abelian group, p is ergodic if and only if it is adapted.

Definition: p on the semi-group is topologically recurrent if we have
(2:2) geC(S), gxu>g=>grp=g.

Remarks: (1) If p is adapted on a group, this is equivalent to recurrence of the
random walk generated by p (e.g., [Re]).

(2) If p is recurrent, so is p? for every j > 1.

(3) Recurrence in semi-groups is studied in [MTs]; see also [Ro).

Definition: Let A, B be subsets of a semigroup S. We define

A"1B = {t € 8: Ja € A with at € B},
BA™! = {t € S:3a € A with ta € B}.

THEOREM 2.2: Let u be a topologically recurrent ergodic probability on a
locally compact (o-compact) semi-group S , with support S, such that the
closed semi-group generated by |J;2,(S7)'S7 is S. For a bounded- continu-
ous representation of S in a Banach space X, we have lim|(U,)"z| = 0 for
z € N =clm{,cs(I — T(t))X, so, in particular, |[U™(I — U)y|| — 0 fory € X.

Proof: By taking an equivalent norm, we may assume ||T(t)|| < 1fort € S.
Denote U, by U. Then ||U|| < 1, so [|[U™z|| converges for every r € X.
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STEP 1: For every z € X, lim,_,o ||UT (t)z|| is independent of t € S.
Fix z € X, and define h,(t) = |[U™T(t)z||. Then

B u(t) = / h(st)du(s) = / T (st du(s)
> || [ UM TET@edu(s)] = [0 TGl = huga (0

Since [|U|| €1, h,(t) is decreasing, and h(t) = lim h,(t) is well-defined, and
satisfies hxp > h. By equicontinuity of {h,}, h(t) is continuous. Hence, by (2.2),
h x u = h, and by ergodicity, h(t) is a constant function, so our claim is proved.

It follows that if y = T(¢g)z, then

Lm ||[UT(t)y|| = lim ||[U™T (tto)z|| = lim ||JUT (to)z|| = lim ||U™y]|.
We fix z satisfying:
(%) lim ||{UT (t)z| = im||[U™z|| for every t € S.

STEP 2: If u(A) > 0, then lim,_, o ||ﬁ L4 UrT ($)adp(t)|| = limpoo |UTx]].

Let ¢ = lim||U™z||. By (x), im|JlU™T(t)z}| = ¢ for every t € S. We denote
ﬁ JaT(t)zdu(t) by Usz. Then lim ||[U™Uaz|| exists since ||U|| < 1, and, by
Lebesgue’s theorem,

lim ||U™Us2|| < limﬁ /A U™ (t)x||du(t) = c.
We use this inequality also for A° and obtain
c= lim|U™z| = lim||p(A)UnUsz + p(A°)UU gez|
< p(A) im ||UMU sz|| + p(A°) lim {U™Ugez|| < ¢
Hence we have |[U"U,z|| — c.
STEP 3: Let ANB =0, u(A)pu(B) > 0. Then
lim ||[U"Usz + UMUpz|| = 2lim || Uz||.

We may assume p(A) < u(B). Define

1 n _ w4
Yn = 4(AU B) /AU T(t)zdu(t) = (AU B)U Uaz
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and

#(B)
(AU B)
By step 2 we have lim ||y, || = cu(A)/u(A U B) and lim ||z, || = cpu(B)/ (AU B),
and also ||y, + za|| = [UMUaumyzll | ¢

UnUBJJ.

Zn =

Of course, we have to prove only for ¢ > 0.
Let 6 > 0. Fix N such that for n > N we have

[ < KAL) u(B)e(1 +6)

>c.
II(AUB) ’ ” n” N(AUB) ) “yn+z'n||—c

For a = p(A)/p(B) (we assumed a < 1) we have

llyn + @znll = llyn + 2o — (1 = @) znll 2 |yn + zall — (1 = @)||2zn|]

5 o HB) — u(4) p(B)c(1 +9)
- w(B) wWAUB) -

Hence

n(AU B)
UtUgx + UMUgz|| =———+||yn + az,

> [u(A)] " {elu(A) + p(B)] - ¢(1 + 6)[u(B) — n(A)]}
=2¢ — dc[u(B)/u(A) - 1].
Letting § — 0 we have (using step 2)
2¢ < lim ||UM(Uaz + Ugz)|| < lim |[UMUsz|| + lim U™ Upz|| = 2¢.

STEP 4: lm||[U"T(t1)z + U"T(t2)z|| = 2lim ||[U"x|| for t1,t2 € S.

By strong continuity, for £ > 0 there exist disjoint open sets A and B, t; € A
and o € B, such that |T(t)x — T(t1)z|| < e for t € A and ||T(t)x — T(ta)zx|| < ¢
for t € B. Step 3 will yield the claim.

Proof of the Theorem: By step 1, lim||[U™T(t)z|| is a constant, and we denote
it by ¢(x). Using again step 1, we obtain

o(T(s)z) = lim ||U"T($)T(s)zl| = lim |[UT(ts)e| = (=) = lim |U"T(s)a].

Hence assumption (%) holds with T'(s)z instead of «, for any z € X. Thus, we
may substitute in step 4 T(s)z for z, and since ¢(T'(s)z) = c¢(z), we obtain, for
s€S8S,r€ X, and ty,t; € S that

Jim [U"T ()T ()2 + UM T ()T (s = 2e(e).
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Let ¢t € §~1S. Then there are t;,t; € S with ¢;¢t = #,. Use these £,,t, and put
s =t in the above to obtain
c(z + T(t)z) = im ||{UT(t2)(z + T(#)z)||
=lm ||U"T(¢1)T(t)x + UnT (t2)T(t)z|| = 2¢(x).
Hence,
c(I+TT(t)x) =c¢(x) forte S'S.

Since also U’ obviously satisfies the conclusion of step 1 (with same limits ¢(z)),
we have for t € ($7)7157 and z € X that

c(I +2T(t)m) = ¢(x).

By induction we obtain

c((I+2T(t))k:L‘) =c(zr) forzeX and te U(Sj)’lSj.

J

Fix t € |J($7)~1S7 and let x = (I — T(t))y. Computation of binomial coeffi-
cients shows that

0.

It I-T@)l

E'_zT.(_t_))k( =
Hence
e(w) = (1 ~ 7)) = e( (L) (1 - Tty < e
for large k, so ¢(xz) = 0 for x = (I — T(t))y. Thus, for t € |J(S7)~1S57 we obtain
limy, o0 ||UMT(s)(I — T(¢))y|| =0 for every s € S and y € X.
Fix z € X and define

S ={te & || UMT(s)(I — T(t))z| — O for every s € S}

(i.e., 8" = {t: ¢((I — T(¢))x) = 0}). By what we have proved (putting x instead
of y), U(S?)7187 C &', and clearly (by continuity of the representation) S’ is
closed. We show it is a semi-group: let ¢;,t2 € S’. Then, for any s € S, we have

UT(s)(I = T(tits))z = UMT(s)(I — T(t1))z + UT(s)T(t1)(I — T(t2))x

which shows t;,t; € S’. By our assumption on S, we have &' = S. Using
Lebesgue’s theorem, we obtain for any ¢t € S that

U™ - T(#))z|| < / NU™T(s)(I = T(t))x|/du(s) — 0

and the theorem is proved. [ |
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Remarks: (1) S = {a, b} with a? = ab = a and b% = ba = b, with p{a}p{b} > 0,
satisfies the assumptions of the theorem. However, the dual of the example of
[AlBi], discussed above, shows that even if U™z converges, the limit need not be
in F (this also shows that the identification of the limit in [K, p.222] as being in
F requires additional assumptions — e.g. S is a group [RN]).

(2) The recurrence is used only in step 1. If we can show, for a representation
by contractions, that for every x € X lim |[\U"T(t)x|| is constant (independent
of t), then the rest of the proof is applicable. (This is the case for the translation
operators in L;(G) for G an Abelian group.)

(3) If G is a locally compact group, strict aperiodicity of adapted p is equivalent
to the fact that the closed (semi) group generated by |J;2,(S7787 () S7577) is
all of G [DL3]. For a group put, in step 4, x = T(t; ')z, t2 € S, to obtain

c(I—+2T—(t)z) = c(x)

also for t € SS~L. Our proof then applies to this case. Hence the Abelian group
result is included.

(4) It can be shown that a proof of theorem 4 of [L;], which deals with S
Abelian, is also included in our proof.

COROLLARY 2.3: Let G be a locally compact o-compact group with right Haar
measure A, and let u be an ergodic strictly aperiodic probability. If u is recurrent,
then ||u™ * f||1 — O for every f € L1(G,\) with [ fdX = 0 (i.e., p is completely

mixing).

Proof: The recurrence of p implies irreducibility, and then the strict aperiodicity
is equivalent to the condition imposed on S in the theorem, by [DL3] (see also
Remark (3) above). We apply the theorem to the representation T'(t)f = 6 * f
for f € L1(G, )), noting that N = { f € L1(G,\): [ fdx = 0}. |

Remarks: (1) The existence of a recurrent ergodic random walk on a group G
implies amenability and unimodularity. See [GuKeRoy], where such groups are
studied.

(2) In [DLg4] it is shown how to transfer the complete mixing in L1(G) to all
representations. However, it is not needed here, since the theorem was proved

directly for representations, and yields the following.
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COROLLARY 2.4: Let G be a locally compact group and p a recurrent ergodic
strictly aperiodic probability. For a bounded continuous representation of G in
a Banach space X we have {y: U,y = y} = F, and U} converges strongly on
F @ N to the corresponding projection on F'.

Proof:  Since p is recurrent and ergodic, so is i, and U,y = y = y € F is proved
as in Lemma 2.1 (i). We can now apply Theorem 2.2. 1

Remarks: (1) If X is reflexive, for bounded groups the decomposition X = FGN
holds without requiring any recurrent ergodic probability, by [RN].

(2) If X is reflexive and the group G has a recurrent ergodic probability, then
X = F @ N follows from Lemma 2.1(i) and the proof of Corollary 2.4, using the
ergodic splitting induced by U,,.

(3) The decomposition X = F & N was studied by Eberlein [E].

COROLLARY 2.5: Under the assumptions of Corollary 2.4, if G is non-compact,
then
(@) llu™ * fll2 = 0 for f € La(G, X).

(ii) [le" * flleo — 0 for f € Co(G).

Remark: It was noted in [DL3] that the above corollary is true without the
strict aperiodicity assumption (for p recurrent ergodic), using a general result
for recurrent ergodic Markov operators.

It is well-known (e.g., [DL;]) that if x is completely mixing on a group, then u
must be strictly aperiodic (and ergodic). See also Proposition 3.3. An example in
[G] shows that we may have y adapted and strictly aperiodic without U™(I — U)
converging strongly to 0 (and U™(I — U*) does not converge to zero, as n — oo,
for no k£ > 1). Thus, we need a stronger algebraic condition, which can yield
convergence results in the adapted non-ergodic case.

LEMMA 2.6: Let G be a locally compact o-compact group, u a probability on G
with support S, v a probability with support S,. If

nlir{.lo lu™ * (f —v* f)lh < 2||fll. for every f € C(G) with compact support,

then e € |J;2, S7875,.

Proof: Assume e ¢ |J;2,57759S,. Then there exists a neighbourhood A of
e with ANJ;2, 577575, = 0. Let B be a compact neighbourhood of e with
BB~! C A. Then S’Bn §7S,B = @ for every j > 0.
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Take 0 < f € C(G) supported on B with [ fd\ =1, and let 7 be defined by
&1 — f. Then 7 xn(S?B) =1, pf v (575, B) = 1. Hence for every j,

2= |l xn—pd xvxall =l + (AF) - v(Af))h

(where A is the modular function. See [LW]). But this contradicts the given

convergence. |

COROLLARY 2.7: Let pu be a probability with support S on a locally compact
o-compact group G.
(i) If p is completely mixing, then G = |J;2, S=757.
(i) If p is ergodic, then G = J;2o Up—o S77S*.
(i) If, for some k > 1, we have lim,_.o ||u™ * (f — p* * f)||1 = O for every
_ f€Li(G,)), then e € ;2 S~ Si+k.

Proof: (i) From Lemma 2.1(ii) and ergodicity of u, we obtain
lim ||p™* (f —8:* f)ll1 =0 forevery f € L1(G,)\) and t € G.

Hence, by the previous lemma, e € m, for every t € G, which yields
the assertion.

(ii) Let g’ = 1(6c + p). Then y' has support S; = S U {e} and is completely
mixing. Since S{ = fc=0 Sk with SO = {e}, we obtain the result by applying
(i) to p'.

(iii) is immediate from the previous lemma. ]

Remarks: (1) If G is Abelian, U;io $-787 is obviously a closed semi-group,
closed under inversion, so it is the closed subgroup generated by S~!S. Hence,
the condition in (i) is equivalent to strict aperiodicity in the Abelian case.

(2) If p is adapted and e € U;’;O S§5-787+1 then u is strictly aperiodic: Let H
be the smallest closed normal subgroup with S C ¢tH for some t € G. Since H is
normal, $7 C t H, and

S—igitl « Ht It H = HtH =tH.

Hence the assumption implies e € tH, so t~! € H, and thus S C H. Since u is
adapted, H = G.
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3G = U;io §-359, then u is adapted and strictly aperiodic: The closed
subgroup generated by S obviously contains all $77.57, hence is G. Now GS = G
yields e € U;’f__o S—38i+l and by the previous remark, p is strictly aperiodic.

(4) If G = U520 Ureo S77S*, then p is necessarily adapted.

(5) For G Abelian, u is strictly aperiodic if and only if it is adapted and

e € U;‘Zo S§—7i83+1, This is because strict aperiodicity is equivalent to complete
mixing in Abelian groups, and we can use Corollary 2.7 (iii), with k = 1.

We shall prove below the converse of Corollary 2.7 (iii) for u spread-out, and
for general p in a certain class of groups (which contains all Abelian, compact
and discrete groups).

LEMMA 2.8: Let p be a probability on a semi-group S, and let T(t) be a con-
tinuous representation of S by contractions in a Banach space X. Then for any
7>20,k>0andzx € X, we have

(i) limp—oo [|[T()Unz+T(s)U™ || = 21im ||[Unx|| in p*+ (¢) x p? (s) measure.

If S is a group, then we have also

(ii) lim, oo ||T(¢)Umx + U™tz = 21im |Uz|| in @@ * u*+7 measure.

Proof: Denote ¢(z) = lim ||[U™z|| (which exists since |[{U|| < 1). Then
QU™ +ig)| =| / / [T(E)Uz + T(s)U™aldu*+ (8)dud (s)
< / / IT()U™ + T(s)U™*alldu** (t)dui (s) < 2|[U™a].

Hence [ [[2|U"z| — |T(t)U"x + T(s)U™t*z|||du*+(t)du?(s) — 0 with non-
negative integrand, which proves (i).
If S is a group (and we then assume T'(e) = I), then T'(t) is an isometry, so

[0l — ) + UG
= [ [eioral - (s s + Ul ()i e
= [ [ewmal - imurs + Tt s

which converges to 0 by (i), and (ii) follows. |

For our next result we need a certain technical property of G. It is customary
to denote by [SIN] the class of all locally compact groups such that there is a
base of compact neighbourhoods of the identity, each invariant under all the inner
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automorphisms ¢, (t) = a~*ta. This is a classical class of locally compact groups,

and has been extensively studied. See [GrMo] and [Pa] (where many additional
references are given).

THEOREM 2.9: Let G be a locally compact group in [SIN]. Let  be a probability
on G, with support S, and let K > 1. Then the following are equivalent:

(i) for any bounded continuous representation of G in a Banach space X,
lim [U™(I - U¥)z|| =0 for every z € X.

(ii) limp_oo [|u™ * (f — u¥ * f)|| < 2||f|l1 for f € C(G) with compact support.
(iii) e € Uj2, S—957+K.
Proof: (i)=(ii). We apply (i) to the canonical representation by translations in
Li(G, \).

(ii)=>(iii) follows from Lemma 2.6.

(iii)=>(i): We may assume ||T(¢)|| < 1 for t € G, so each T(t) is an isometry.
Fix £ € X, and let ¢ > 0. By continuity, there exists a neighbourhood A of e
such that ||T'(t)z — z|| < € for t € A, and since G € [SIN], we may take A to
be invariant under the inner automorphisms. Hence, if =1’ € A, we have that
(s71ts)~ (s~ 's) = s71(t71#')s € A for every s € G, hence

IT(ts)z — T(t's)a|| = || T(s~*ts)z — T(s~'¢'s)z|| < e.
Now if t~1t' € A we have also
7(t9)U™z ~ T(¢s)U™al =| [[TEs)T(s)z = T(s)T(s)oldu™ (")
< [IT@T(ss)z - 7T (65" )alldu™(s") < e

Thus, if y = U™z, then t~'#' € A implies || T(ts)y—T(t's)y|| < € for every s € G.
Hence the same holds also for y € C = Conv{ U™z: m > 0}.

Define g, x4 (t) = |T(t)U™y + Un**y|. We want to show that {gnky: n >
0, k >0, y € C} is equicontinuous. Fix ¢ > 0. Let A be the neighbourhood as
beiore. For ¢t~1t' € A we have

|9n,k,5(t) = gn ey ()] S IT@U™y — T(E)Uy|

< [IT@TEw - TET ) <e.
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Hence {gn k,y} is equicontinuous.

We denote c(y) = lim ||[U™yl|.

Fix to € S—7S8i+*. We show that ||T(to)Umy+U"+*y|| — 2¢(y) for y € C. Let
lim,, ||T(to)U™y + U™t*y|| = a. By Lemma 2.8 (ii), |[T(#)U"y + Unt*yl| —
2¢(y) in ¥ * w+* measure, so for a subsequence of {n;} (still denoted {n;}) we
have i/ x p/** a.e. convergence. By the equicontinuity lim, . |[T(t)U™y +
Unitky|| is continuous on supp(f’ * p/+*), so a = 2¢(y).

Fix € > 0. By the equicontinuity, there exists an open set A containing e such
that ¢ € A implies |gn k,y(t) — gn,k,y(€)] < € for every n,k >0 and y € C.

By our assumption, e € U;’;O S-7Si+K . Hence there exists j > 0 with jif *
ptE(A) > 0, so there is tg € AN S—7SI+K 4 @, and by the above, we have, for
anyye Candn>1

U™y + Un+Ky” = gn,K,y(e) > gn,K»y(tO) —€
= ||T(to)Umy + U Hy|| — e =5~ 2¢(y) — ¢

Since ¢ > 0 was arbitrary, |[U"1(I + U¥)y|| —s==> ¢(y). Hence
I+UX
o(—5—v) =),

and iterating,

(L)) =t

Since = was arbitrary, put (I — UX)z for z. Since

“(I+UK

=) (= US)| =0

by computation of binomial coefficients, we have

Jim |JU(I - UK )al| = e(( - UF)z) = c((

<L) (- vkged

m—0oo

Remarks: (1) The whole set C was not really used in this theorem, and we could
have put z instead of y € C. The general case will be needed later.

(2) If e € S¥ (e.g., S is symmetric, yielding e € $?) (iii) holds, and we obtain
|[U™(I — UX)z|| — 0 for every z € X. In particular,e € S = ||UM(I - U)z| — 0
for every z € X.
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(3) For G discrete and e € S¥ (or, more generally, ¥ ({e}) > 0), the theorem
follows immediately from [F.]. Hence the interest is in the non-discrete case.

(4) If p is also ergodic and K = 1, we obtain that u is completely mixing.

COROLLARY 2.10:  Under the assumptions of Theorem 2.9, if X is reflexive, and

p is adapted and strictly aperiodic, then U™z converges strongly to a projection
P on F, with P(N) = {0}.

Proof: By reflexivity X = {y: Uy = y} ® (I —U)X. Since p is adapted,
Uy =y =y € F, by [RN] (for a more detailed proof, see [T, p.28], or [Ts]).
Also by [RN], we have X = F @ N (these results of [RN] are not true for general
semi-groups, e.g., [AlBi]). Hence necessarily (I — U)X = N.

Since p is adapted and strictly aperiodic, so is u¥, by [DLs, corollary 1.4].
Hence (I — UK)X = N = (I — U)X, and ||U"z|| — 0 for € N by Theorem 2.9.

THEOREM 2.11: Let u be a spread-out probability, with support S, on a locally
compact o-compact group G. Then the following are equivalent:
(i) e € U, U2, 5957,
(ii) For some K > 1, ||u™t¥ — u®|| — 0.
(ili) There exists K > 1, such that for any bounded continuous representation
of G in a Banach space, |[U™(I - UX)|| = 0.
(iv) Same as in (iii), but with U™(I — UX) — 0 strongly.
(v) e€Urey U;io S§—iGitk,

Proof: (ii)=(iii)=-(iv) is obvious, and (iv)=(i) follows from Corollary 2.7(iii).
(i)=>(ii): We look at the canonical representation by right translations in
Li(G, A}, but use the general notation.
Fix £ € L1(G, ) and define g, x (t) = (|T(¢)U™y + U™**y||;. We prove the
equicontinuity of

{9nky:n>0, k>0, ye C={z—-Uz:m > 0}}.

Let ™ = vy + 1, be the Lebesgue decomposition of p™. Since u is spread out,
Vng # 0 for some no, 50 [|nny|| < 1. Hence [|njno|| < [[7, ]| < [[9no]” — O

Fix ¢ > 0. There exists N such that ||u™ — vn| < €/6||z||. Since vy << A,
by continuity of the translations in L,(G, ) we obtain a neighbourhood A; of e
such that ||6; x vy — vn|| < €/6]|z|| for t € A;.
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For n > N and t—1s € A; we now obtain

IT@) Uz — T(s)Umx||
<T@ = TEWUN = Unp U™ Na|| + [T (1) — T(s)]Uy U™V
< 2/|u™ - wnllllzll + | (Usiewn — Usywo U™ Nal|
<2l —vnll + [16-15 *vn — wnlllllz]l < e/2.

Since the representation is strongly continuous, there exists a neighbourhood
Ay of e such that, for 1 < n < N, t~1s € A, implies (since ||T(t)|| = 1)

IT@)U™z - T(s)Umx| = | Tt s)Umz — Uz|| < £/2.
Put A=A;NA;. Thenfort—'se€ A, n>1and y =z — U™z, we have

|9n.k,y(t) — gn.ky(8)] SIT(@)U™y — T(s)Uy||
<IT@)U™z — T(s)Umz||
+ [|T@U™ ™z — T(s)U™™z|| < e.

By the equi-continuity of {g, xy}, for € > O there exists an open set A > e
such that

NIT@U™y + U™yl = U™y + U™y lli| = lgn,k,(t) — gnpu(e)l < e

foreveryt € A,n >0, k > 0and y = x—U™z. This implies that forn >0, £ > 0
and y = x — U™z, we have

(2.3) U™y + Uyl > |ITU™y + U™ ylli - (t € A).

By (i) there exist K > 1 and j > 0 such that (ji’ * p+%)(A) > 0. Together with
Lemma 2.8 (ii) this implies the existence of a ty € A and ny T oo such that

ITiqU™y + U™+l 2 2 Tim U7y —e.
Combining this with (2.3) we get
U™y + U™yl > 2 lim [[U"y]2 ~ 2,
and therefore

: n]' : n
Jim U ST+ UF)ylly 2 Jm UMy ~€ (y€O).
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Choosing now y = x — UXz we obtain

limy oo U5z — Unzlly < limpoo |UMS(I + UKYT ~ UX )z + €
(2.4)
= liMp—oo U = Uyl + £ < limpoo U]y + € < flz|ls + 6.

Since p is spread-out, vy the absolutely continuous part of u”, satisfies
luN¥ — vn|| < € for some N. Let h = dvy/dA, and denote by A the modu-
lar function in G (i.e., AdA is a left Haar measure). For any f € Li(G,)), let
f(s) = f(s~!). Then we have (see [LW, Lemma 1.1]) ||u™ * vn|| = ||u® * (AR)||:.

We put = = Ah in (2.4) and obtain

fim |V N = dim (O~ ) x|

n—oo

< lim [|p"* x vy — g™ s un|| + 26
n—o0

= lim |[U"*¥y — Uz, + 2
n—oo
<zl + 36 = JJun]| + 36 <143 < 2,

if we chose ¢ < % at the beginning. By Foguel's zero-two law [Fs],

limy, oo [l 5 — || = 0.

We now have the equivalence of (i), (ii), (iii), (iv), and clearly (v)=(i). To
complete the proof, we show (ii)=(v). By (ii), there is n with ||u"*¥ — || < 2.
Since pu"tK(S7HK) = 4n(8™) = 1, we have SPHK NS #£ @, If t € S*HK N 57,
then e = ¢t~ € §~"S" X implying (v). ]

Remarks: (1) A special case of Theorem 2.11 is when g is irreducible. It is not
clear if we have K =1 for u irreducible and strictly aperiodic.

(2) If p is not spread-out, the result of the theorem may fail (even for weak
convergence). Let G = IR and take p = (6~ + 6 5), which is irreducible, but
not spread-out. Let T(¢) be induced in L;[0,1] by 8,a = a + t/(1 + v/2) mod 1.
Then U is an irrational rotation, so U™¥ (I — UK) does not converge weakly for
any K. Thus, the condition on S in Theorem 2.9 cannot be weakened to that of
Theorem 2.11.

(3) For i adapted, strictly aperiodic and spread-out, the result of the theorem
may fail without the condition on e, by Glasner’s example [G]. (Since G is discrete,

even weak convergence fails).



142 M. LIN AND R. WITTMANN Ist. J. Math.

THEOREM 2.12: Let p be an irreducible strictly aperiodic spread-out probability
on a locally compact o-compact group G. For every bounded continuous repre-
sentation of G in a reflexive space, U™ converges strongly to a projection P on
F, with P(N) = {0}.

Proof: The same as for Corollary 2.10, except that we use Theorem 2.11. ]

Remarks: (1) Without strict aperiodicity, Theorem 2.11 yields the strong
convergence of UK for any bounded continuous representation in a reflexive
space. For representations by contractions in a uniformly convex space, this is in
[DL3, prop. 1.6 and Theorem 2.9].

(2) It is not known if in Theorem 2.12, instead of irreducible, we can take u
adapted.

We now study the condition on S used in Theorem 2.11. We denote by H the
smallest closed normal subgroup, a class of which contains S.

LEMMA 2.13: If the closed group generated by S is G, and

ec [j G S—3iSitk,

k=1j=0
then G/H is a compact monothetic Abelian group.

Proof: Let p be the canonical projection of G onto G/H. By definition,
p(S) is a single point p(¢) (with ¢ € S), and it generated G/H as a closed
group [DLj3, proposition 1.6], so G/H is monothetic Abelian, either compact —
or isomorphic to Z.

For r € S7389+k (j > 0,k > 1), we have p(r) = p(t)¥, so by our assumption
(and continuity of p) eg/n = p(e) is in the closure of {p(t)*}s>1. Hence G/H
cannot be isomorphic to Z. ]

3. Strong convergence of U™ in uniformly convex spaces

Another important problem in the study of random walks on groups, is that of
the convergence to zero, in non-compact groups, of the “concentration function”
2™ % 1k |joo for K compact. It was shown in [DL3] that (i) of Corollary 2.5
implies (ii). The main result of [DLg] is that if u is adapted, strictly aperiodic
and spread-out, then U} converges strongly for any continuous representation by
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isometries on a uniformly convex Banach space. It gives an affirmative answer
to the “concentration function” problem for u spread-out. For more discussion,
see [DL3] and [HoM]. Weak convergence was shown in [D;] and in [M].

LEMMA 3.1: Let S be a locally compact semi-group and let y be a probability
on S. Let T(t) be a bounded continuous representation of S in a reflexive Banach
space X. If

(3.1) lm |{UMT(t)z — UT(s)z|| =0, z€X; t,s€S

then U™ converges strongly.

Proof: Fort,s € S (3.1) yields

U™ = U T)T ()2l = IUT ()2 - U T (st)z|| —=s> 0.

n—o0

Hence, by integrating and using Lebesgue’s theorem,
(U™ = U™ T ()] =|| /[U" — UM (s)|T(t)zdp(s)]|

< [ - v T Oslduts) — 0.

We may assume X = clmJ{T(#)X:t € S}, so we have U"(I - U) = U™ -
U™t — 0 strongly, and by the ergodic decomposition of the reflexive X, U™
converges strongly. ]

THEOREM 3.2: Let S be a locally compact semi-group and let y be a prob-
ability on & such that p x p is ergodic on § x S. Then for every continuous
representation of S by contractions in a Hilbert space, (U,)" converges strongly

to the orthogonal projection on the common fixed points.

Proof: Let U = U,. We show that (3.1) holds. Fix x € X, and let hy(s,t) =
(UMT(s)x, U™T(t)z). Then clearly

2hn(s,t) = |UMT(t)a + T(s)all|* — IU"T(R)x|* — U T(s)z]*.

Since ||U]| < 1, each term on the right hand side converges as n — 00, so
h(s,t) = lim h,,(s,t) is well defined, and is continuous by equicontinuity of {h,}.
Since by definition

/ / (550, tto)du(s)dp(t) = (50, o),
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Lebesgue’s theorem yields that h* (1 x ) = h, and by ergodicity of u x p, h(s,t)
is constant on & x S. (3.1) follows from

\rT(t)x — U"T(s)ac”2 = hn(t,t) — 2h,(s,8) + hn(s,8) 5=+ 0.

Now we apply Lemma 3.1 to obtain strong convergence of U™, to a projection
on {y: Uy = y}. Let Uy = y. The strict convexity yields T(s)y = y for every
s € § = supp(p). Hence for t € S we take some s € S and use (3.1) to obtain

ly = U"T@)yll = IU"T(s)y — UT(t)yl| — 0.
Since ||U|| <1, also U*y = y [K, p.3], so for t € S we have
(v, T(t)y) = U™y, T()y) = (y, U"T(t)y) — ly|I*.

Since ||T(t)|| < 1, we must have T(t)y = y. ]

PROPOSITION 3.3: Let u be a probability on a locally compact a-compact group
G. Then p is completely mixing => p x p is ergodic = yu is ergodic and strictly
aperiodic.

Proof: For any Markov operator on L; of a o-finite measure space, complete
mixing implies ergodicity of the Cartesian square (e.g. [AaLWe]), which clearly
implies ergodicity of . Ergodicity of 4 x p implies that if 0 Z f € Loo(G) with
p*f=Af, |\l =1, then A =1 (and f is constant), since (ux p)(f® f) = f® f.
The strict aperiodicity follows from the following lemma.

LEMMA 3.4: Let p be an adapted probability, with support S, on a locally
compact o-compact group. If p is not strictly aperiodic, there exists a continuous
character f on G, f=A#1on S, |A|=1,and u* f = Mf, i x f = Xf.

Proof: Let H be the smallest closed normal subgroup, a class of which contains
S. Since p is adapted, G/H is an Abelian monothetic group [DL3,1.6], and there
is 7 € G with § C Hr. We assume 4 not strictly aperiodic, i.e., H # G. Then
r € H, since p is adapted and G/H is non-trivial.

Let ¢ be the canonical map of G onto G/H. Then ¢(r) # eg/y since r ¢ H,
and by commutativity there is a continuous character x on G/H with x(¢(r)) =
A # 1. Define f(t) = x(¢(t)). For s € S we have ¢(s) = ¢(r), so f(s) = f(r) = A.
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Clearly f is a continuous character, and satisfies
= [ f(ts)dp(s ff F(s)du(s) = M (8),
fox f(t) = [ f(ts™)dp(s) = [ f(t)f(s)du(s) = Af(t). B
Remark: If G is Abelian or compact, then the 3 conditions of Proposition 3.3

are equivalent — see section 2. This is also true if p is spread-out [G], or recurrent
(Theorem 2.2).

LeMMaA 3.5:  Let T(t) be a continuous representation of a locally compact serni-
group S by contractions in a uniformly convex Banach space X. Then for every
x € X we have [ ||T(t)Urz — Uitlzi|du(t) — 0.

Proof: Since the result is obvious for ||{U™z|| — 0, assume ||U"z|| | ¢ > 0. Let
[T (t)U™iz — U™ +1z||du(t) converge to a number a. By Lemma 2.6 with j = 0,
there is a subsequence of {n;} (still denoted by {n;}) with

T U™z + U™ || - 2cp  ace.

For such a t, let

Tt U™z Uty
S T I TV |

Then ||y;|| <1, ||zi]| <1, and ||y; + z:|| — 2. By uniform convexity, ||y; — || — 0.
Hence ||T(t)U™z — U™*'z|| - 0 p a.e., and a = 0. |

Remark: The lemma is given a different proof in [DLj] (which applies also to

semi-groups). A simple proof for Hilbert spaces is also given there.

THEOREM 3.6: Let G be a locally compact group in [SIN]. Let u1 be an adapted
and strictly aperiodic probability on G, and let T(t) be a continuous representa-
tion of G by contractions in a uniformly convex Banach space. Then U™ converges
strongly to a projection P on F, with P(N) = {0}.

Proof: Fix z € X. Let g,(t) = ||T(t)U"z — U*'x||. Then g,(t) is (uniformly)
equicontinuous (which is proved as in Theorem 2.9). We show that

|IT(t)Y U™z — U™*lz|| - 0 for every t € S.

Let tg € S. Let {n;} be a subsequence with lim ||T(t,)U™z — U™ Flz|| = a. We

show a = 0. By Lemma 3.5, there exists a subsequence of {n;} (still denoted
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{n;}) with | T(t)U™z = U™*1z|| — 0 for p-a.e. t, s0
So = {t €S: ||T(t)Un":I: - Un'+la:” N 0}

is dense in S. By the equicontinuity of g,(t), let A be such that s™'t € A =
|gn(t) — gn(s)| < € ¥n. There is t € Sp in tgA, so

gn;(t0) < gn,(t) +e—0+e¢.

Since ¢ is arbitrary, a = 0. Hence ||T(#)U™x — T(s)U"z|| — 0 for t,s € S or
IT(#) Uz — U™zl — 0 for t € S™1S. But also |[U"z — T(t~1)UH1z|| — 0 for
te S, so ||[Tt" YUz —T(s7)Umz|| — O for ¢,s € S, or |T(t)U"z — Uz|| — 0
for t € $S~'. Applying the same to U*, and to the vectors U’z for 0 < j <
k, we have ||T(t)U"z — Urx|| — 0 for t € U;2,(S7S7US7S). Let ' =
{t € G: |T(t)U"x — U™z|| — 0}. Then &' is a semi-group (hence a group),
dense in G. By the uniform equi continuity, since lim ||7(¢)U"z — U™z|| = 0 on
a dense subset of G, it is 0 everywhere, so &' = G. Now |[U"*!z — Unz|| <
JIT@®)U™x — Uz||du(t) — 0. Hence, by reflexivity, U™ converges strongly. The
identification of the limit is proved in Corollary 2.10. |

Remark: If p is spread-out, we do not need to assume G in [SIN], since the
equi-continuity of {g,{t)} used in the proof is proved as in Theorem 2.11. We
thus obtain a different proof of Theorem 2.8 of [DLg].

THEOREM 3.7: Let G be a locally compact amenable group, and let u be a
strictly aperiodic adapted probability on G. Then for every bounded continuous
representation of G in a Hilbert space, (U,)" converges weakly to a projection P
on F, with P(N) = 0.
Strong convergence to P holds in the following cases:
(i) G is in [SIN] (In particular, G is discrete, Abelian or compact).
(ii) p is recurrent.
(iil) p x p is ergodic.
(iv) p is spread-out.
)

(v) u is symmetric.
Proof: Since G is amenable, by a result of Dixmier [P, p.187} (or [Ly, p. 83]),

the bounded continuous representation T'(t) in the Hilbert space is equivalent to

a unitary representation. Thus, results for unitary representations transfer to
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bounded representations. The weak convergence now follows from [DLg]. Simi-
larly, the strong convergence in the cases (iv) and (v) follows from [DLg], and in
case (iii) — from Theorem 3.2. Case (ii) is a direct consequence of Theorem 2.2
(a recurrent adapted random walk is ergodic) valid for any bounded continuous
representation. Case (i) follows from Theorem 3.6. |

Remark: Each of the conditions (ii)—(iii) implies the needed amenability.

LEMMA 3.8: Let {z,} be a bounded sequence in a uniformly convex Banach
space, satisfying (1) ||zn41 + Tmeill € ||#n + zm|| for n,m € N. If
liminf, .o ||Zn — Znk|| = 0 for a given k € N, then ||z, — Tpykl|| —5=s5+ 0.

Proof: By (i) ||zn|| decreases, say to a; we have to prove only for a > 0.
Let € > 0. There is n. such that ||z, || < a+ 6.
Fix n > n.. There is n; > n with ||z,, — Zn, || < 6. Then by (i)

e + Tnikll 2 o, + Tnctill 2 2lan, | - 6 > 20— 6.

Since ||Znskll € ||zx]| € @ + 8, by uniform convexity ||n — Tnik| < € (when
6 > 0 is chosen according to the uniform convexity). |

THEOREM 3.9: Let {z,} be a bounded sequence in a uniformly convex Banach
space, such that
(1) |Tnt1 + Tma1l] < ||zn + zm|| for n,m € N.
(ii) For every € > 0 there exists k > 1 with iminf, o, ||Tn — Znik| < €.
Then either there exists K with lim, .o ||Zn ~ ZTnyk|| = 0, or {x,} has a

strongly convergent subsequence.

Proof: By (i) with m = n we have that {||z,||} is decreasing, so let & = lim ||z, ||,
and we have to prove only for a > 0.

For € = 1/i there is a k; with liminf, . ||z — Tnyk,|| < 1/1, SO we can choose
=0.
(a) Assume first that there is an infinite number of values of k;, so (by taking
|=0.

1zni_xni+ki

inductively n; T oo with ||z,, — Zp, 4k,

| < 1/i. Hence lim;_, o0 ||Tn; — Tn,tk,

a subsequence) we may assume n; T 00,k; T 00, lim ||Zp, — &, 4+,
Then for any § > 0 and NV, there exists ¢ such that n; > N, and
8, llzntk, | < a+6.
Take é; | 0. Let N; be such that ||zn,|| < a + 8. Apply the above for
N = N, § = é;, to obtain nj, > N; and k;, such that ||xn].i ~ Tn; +k;, || < é; and
”xNi+kj, | < @+ 6;.

<
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Define now N;y1 = N; + k5,
By (i), since n;, > N; we have

”xNi + mNi+1” = ”xNi + TN;+k,, ” 2 ”3:71,,- + Tnj +k; ’ 2 2”“’"3 “ =6, > 2a— ;.

Also ||lzn, || < a4 6, [|lZNp, || < @+ 841 < a+ 6;, so by uniform convexity (and

choice of §;)

1
”zNi - xNi+1” < E
Hence {zn,} is strongly convergent.

(b) Assume now that {k;} takes only finitely many values. Then there ex-

ists £ > 1 such that liminf, o ||z, — Znek|| = 0, so, by the previous lemma,
lzn — Tntkll =+ 0. .

THEOREM 3.10: Let G be a locally compact group in [SIN] and let u be a
probability on G with support S, and assume that e € Uy, Ujoo S~/ Stk If

T(t) is a representation of G by contractions in a uniformly convex Banach space

X, and z € X, then {U"x} contains a strongly convergent subsequence.

Proof: The proof of Theorem 2.7 applies to show that for ¢ > 0 there exists a
k > 1 (chosen so that ji¥ * p7+*¥(A) > 0, which is possible for a neighborhood A
of the unit by our assumption), such that for every y € C = conv{U™z: m > 0}
we have

Hm[[U™y + U™yl > 2¢(y) —e.

We assume c(y) > 0, so for n large c(y) < |[Unt*y|| < || U™y|| < e(y) + 6. By
uniform convexity, [U"y — Unt*y|| < ¢ for large n.

By the previous theorem, either {U™z} contains a convergent subsequence, or
for some k > 1 we have lim,,_, o, |[U"r — U™**z|| = 0.

Assume that [|[U"z — Untrz|| =+ 0. Let Y = clm{ Uz |n > 0}. Y is
invariant under U, and for every y € Y we have |[U™y — U**y|| — 0. Since Y
is reflexive, Y = {2 € Y: U*z = 2} @ (I — UF)Y by the ergodic decomposition
for U* on Y. Hence U™y converges strongly on Y, so U™z converges strongly.
|

Remarks: (1) If p is spread-out, a stronger result holds, without assuming G to
be in [SIN}, by Theorem 2.11.

(2) The assumption on S in Theorem 3.10 seems only slightly weaker than that
of Theorem 2.7, but it allows the treatment of i irreducible as a special case.
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THEOREM 3.11: Let G be a locally compact non-compact group in [SIN], and
let ¢ be an adapted probability on G, with support S, such that

k=15=0
Then ||u™* f]l2 — 0 for every f € La(A), and || * f|loc — O for every f € Co(G).

Proof: We already know, by [D;] or [M], that g™ * f — 0 weakly in Ly, for
f € L,. By the previous theorem we then have ||u™ * f||2 — 0. The assertion
about Cp(G) follows from that in Lo, as was proved in [DLs]. ]

THEOREM 3.12: Let G be a locally compact non-compact group such that there
exists an open set V with compact closure, with t~1Vt =V for every t € G. Let
i be a strictly aperiodic adapted or an irreducible probability on G. Then for
every compact set K, ||u™ * 1 (z)||oo — 0.

Proof: Assume first that G € [SIN], and consider the canonical representation
in Ly(G) given by T(t)f = é,*f. Since G is not compact, F' = {0}. For y adapted
and strictly aperiodic, theorem 3.6 yields ||u™ * f|l2 — 0 for every f € La(G).
This implies the result, by [DLs].

For y irreducible, we have G = |J;., S*, so Theorem 3.11 applies.

Let now G be as in the theorem. By [GrMo, 2.5, there exists a compact normal
subgroup H such that G’ = G/H € [SIN]. Since G is not compact and H is
compact, G’ is not compact. By the first part of the proof, G’ has the required
property, and by Remark (4) in [DL3, p.101], G has the desired property. |

Remarks: (1) Our solution to the “concentration function” problem is under
two different assumptions: p adapted strictly aperiodic, or p irreducible. The
two assumptions are not comparable.

(2) Willis [Wi] has recently completed the analysis of Hoffmann and Mukherjea
[HoM], and obtained the convergence to zero of the concentration function, for
p irreducible, on any locally compact o-compact group. The general case of u
adapted and strictly aperiodic is still unsolved.

(3) It is known [Pa] that groups satisfying the hypothesis of Theorem 3.12 (this
class is denoted by [IN]) are unimodular. (It was noted in [DL3] that for non-
unimodular groups the concentration function tends to zero for any u adapted

strictly aperiodic.)
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LEMMA 3.13: Let G be a locally compact group, and let u be a probabil-
ity on G. Let T(t) be a continuous representation of G by contractions in a
uniformly convex Banach space X, and {z,}32, a bounded sequence in X sat-
isfying Uy &n41 = Tn. Then for € > 0 there exists N such that for every n > N
and k > 0,

|Zn+x — Ugzall <e.

Proof: Clearly ||z,|| = ||UpZn+1ll < ||Zn+1]], so lim ||z, || exists, so by rescaling
we may assume lim ||z, || = 1 (excluding the trivial z,, = 0 Vn).

Fix 0 < £ < 1. By uniform convexity, there exists § > 0, such that ||z + y|| >
2 — & with ||z, Jlyll < 1 implies ||z — y|| < €/2. Since Ugxn 4k = Zn, we have

2Nl =[O+ 2l O < [ IT@nss + (0
- / |Emsh + T )anlldu (1) = / ik + T () < 2znsil

Let 0 < @ < §/8 and let ||zn]|| > 1 — ae/2 (possible since ||z,|| T 1). Then for
n > N and k > 0 we obtain

/ 2l|zn+kll = lente + T@)zal]di" () < 2(|znsell = llzall) < ae.

Since the integrand is non-negative, we have

. 6 2
B ({t: 2Mensrll = Ianss + T(Dzall > 3}) < Goc

Denote the above set by A. If t € A, then, for n > N,
1) )
|Znsr + T(@)znll > 2||Zntk] — 2 >2—ac— 5> 2-46.

By the definition of 8, we have that t € A = ||xnk — T()zn|| < /2.
Hence, for n > N and k > 0, we have

. . € 4ae
1USZn — ol < /“T(t)fn — znpkl|di*(t) < 205 (A) + 355

+ < <eg

5 .
THEOREM 3.14: Let 1 be an adapted and strictly aperiodic probability on a
locally compact o-compact group G. Assume that p is spread-out, or that G is
in [SIN]. If T(t) is a continuous representation of G by contractions in a uniformly

smooth Banach space X, then U™ converges strongly to a projection P on F,
with P(N) = {0}.
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Proof: By the ergodic decomposition (X is necessarily reflexive) we have to
show that || Z , Uiz|| — 0 implies ||[U™z|| — 0. Equivalently [D;] we have to
show that if ||z, || <1 and U*z}, =z}, for n > 0, then U*z§ = z}.

By our assumption, X* is uniformly convex, and S(t) = T*(t™!) is a continuous
representation of G in X*. Let V,, = [ S(¢ . Then U* =V}, and by the
previous lemma, for ¢ > 0, n > N(¢) and k > 0, ||acn_Hc - Vizr| <e.

By Theorem 3.6 for G in [SIN], or by [DLj] if 4 is spread-out, we have that
for n fixed, Vlfz; converges strongly as k — o0, say to y}.

Fix ¢ > 0 and n > N(e), and let K be such that ||Vfz}, —yr|| < e for k > K.
Then for k; > K and ke > K,

25 sks = Tnroll S N2hgn, = ViRl H IV 2~ wnll

HIV2en — gnll + 1Vimen — 2n |l < de.

Hence {z}} is a Cauchy sequence, and let limz} = z*. Then
n n
|U*zg — gl = |U* ey, — Uah || < WU*ah — apll = ||lzhoq — 2h]| = 0,

so U*zy = x(, and the theorem is proved. |

4. Weak convergence of U” in uniformly convex spaces

The main results of the previous sections assumed ergodicity, and in the case of
groups, are applicable only to amenable groups. In this section we extend to semi-
groups the weak convergence results obtained for groups in [DL3]. These apply to

a weakly continuous representation by contractions in a uniformly convex space.

THEOREM 4.1: [AlBi] Let S be a semi-group of linear contractions in a uniformly
convex Banach space X with X* strictly convex. Then
() X={y:Ty=y VT € S} ®clm Ups(I -T)X.

(i) For every z € X, ¢o{Tz: T € S} contains a unique common fixed point,
which is Px (P is the projection from (i) above).

Remark: The decomposition in (i) may fail if X* is not strictly convex. An
example in [AlBi] shows that then we may have x € X with c6{Tz}NF containing
two points.

THEOREM 4.2: Let pu be a probability on a locally compact semi-group S,
with support S, such that the closed semi-group generated by U;‘;l §3(87)~1
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S. Then for every weakly continuous representation of 8 by contractions on a
uniformly convex Banach space X, (U,)™ converges weakly to a projection P on
F. If X* is strictly convex, X = F ® N and P(N) = {0}.

Proof: Denote U, by U. It was proved in Lemma 3.4 that

lim [ |T(t)U"z — U lz||du(t) =0 for every z € X.

n—oo

Cram 1: I [||T(¢)Umz —U™Hz||du(t) — 0, then T(¢)U"z — U™z converges
weakly toO for t € S.
Proof: If not, there exist to € S, z* € X*, and a subsequence {n}}, such
that {z*,(T(tp) — U)U™z) — a # 0. Since our assumption implies that
I(T(t) — U)Uz|| — 0 in p-measure, there exists a subsequence {n;} C {n!}
such that ||T(t)U™z — U™*lz|| — 0 p-a.e.

Let S’ = {t € S: |[T(t)U™x — U™+1z|| — 0}. Then u(S’') = 1. For every
t € S’ we have (z*,(T(t) — U)U™z) — 0. Since ty € S, for any open set
V' containing tp we have u(V) > 0, hence u(V N S’) > 0. This shows that
to € S’. By weak continuity (and reflexivity) T*(to)z* is in the weak closure of
{T*(t)z*: t € S'}, so certainly in co{ T*(t)x*: t € S'}, which is weakly closed.
Since {y* € X*: (y* ~ U*z*,U™zx) — 0} is clearly convex and norm closed, it

contains T™*(¢q)z*. Hence
0 # a = lim(z*, T(to)U™z — U™*lz) = 0
which is a contradiction. ]

Cramm 2: If [||T(t)Umz — U™Hz||dp(t) — 0, then T(t)U"z — Uz = 0 for
every t € SS—1L.

Proof: Let t € SS71, so there are t1,t3 € S with tt; = t5. By Claim 1 (and the
continuity of bounded operators also in the weak topology) we have

T(t)Urx — Utz = T(1)[U™z — T(8)U 2] + [T(t2)U 'z — Umz] —2» 0.

CLaM 3: For z € X, the set §' = {t € S: T()U"z — Uz — 0} is a closed

sub-semi-group.

Proof: It ty,t; € S', then

T(t1t2)U"x — Uz = T(t1)[T(t2)U™x — Uz + [T(t,)U™z — U™z] = 0



Vol. 88, 1994 CONVERGENCE OF REPRESENTATION AVERAGES 153

Hence S’ is a semi-group. The proof that it is closed is similar to the proof of
Claim 1. ]

We now conclude the proof of the theorem. Apply Lemma 3.4 and Claim 2
to p?, to obtain that T(¢)U"z — Ui"z = 0 for every t € S7(S9)~1 and z € X.
Substitute U*z, 1 < k < j, instead of z, to obtain Tt Uz — Utz = 0 for
every £ € X and t € $9(S7)~1. By Claim 3 and our assumption, &' = S, so
T(t)U"z — U™z <5 0 for any ¢ € S and z € X, which yields U™(U — Iz > 0 for
every £ € X. Since X is reflexive, X = {y: Uy = y} @ (I — U)X by the mean
ergodic theorem, hence U™ converges weakly to a projection P.

By uniform convexity, Uy =y © T(t)y = y for every t € S. Hence Uy =y &
T(t)y = y for t € U;2, S7. If ¢t € §7(S7)~1, we have tt; = t, with t; € 57, so
that Uy = y implies

T(tyy =T(t)T(t1)y = T(t2)y = y.

By the (weak) continuity and our assumption, y € F, so the limiting projection
P projects on F. Since (I — U)X C N, P(N) = {0} if and only if Fn N = {0}.
This is satisfied if X* is strictly convex [AlBi] or if § is a group [RN]. |

Remark: If S is alocally compact group, the condition on the support is satisfied
if p is irreducible and strictly aperiodic [DL3, Proposition 1.2]. The result of
[DL3, Theorem 2.6] is not a corollary of Theorem 4.2, since it applies to p adapted
and strictly aperiodic, which may fail to satisfy our assumption. However, the
end of our proof identifies the limit in [DLj).

For Hilbert spaces, we do have a full generalization: u adapted and strictly
aperiodic on a group satisfies the hypotheses of the next theorem.

THEOREM 4.3: Let u be a probability on a locally compact semigroup S, with
support S, such that the closed semi-group generated by

Ulsish 7 Ush)s)

is §. Then for every weakly continuous representation of S by contractions in a
Hilbert space, (U,)" converges weakly to the orthogonal projection on F'.

Proof: The proof of the previous theorem yields that for every z € X and
te S, =U; §7(87)~! we have (T(t) — I)U™z = 0. Hence U*™(T*(t) — I)x = 0
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for x € X and t € S;. Since for any contraction T on a Hilbert space we have
Tz % 0 & T*"z 2 0 by [F3), we obtain U™(T*(t) — I)x = 0 for + € X and
t € S.. Since for any contraction 7" on a Hilbert space, T' and T have the same
fixed points [K, p.3], (I = T(t))X = (I — T*(t))X. Since {y € X: U™y 2 0} isa
closed subspace, we now have that U(T'(t) — I)x = 0 for t € Sy and z € X.
Let S* be the semi-group with the elements of S, and multiplication operation
sot = ts, and the same topology. Then T*(sot) = T*(ts) = T*(s)T*(t), so now
T*(-) is a representation of $*, and for the probability u, U*z = [ T*(s)zdu(s)
defines the average of that representation. Now AcB™1=B"14and B~1oA =
AB71,50 870 (S87)~1 = (89)7187. (57 is the same for the multiplication o.)
We apply our result to the representation 7*(-) of S* and obtain that

U™(T*(t) - )z =0

for every = € X and t € {J;(57)7187 = |J §7 o (57)71.

Hence we have also (T(t) — U™z = 0 for t € |J52,(57)($7)~". Claim 3
of the previous theorem and our assumption yield that (T'(t) — I)U"x — 0 for
every x € X and t € S, so U™ converges weakly, to the orthogonal projection on
{y: Uy = y}, which is proved to equal F' as in the previous theorem (remembering
Uy=y & Uy=y). "

ACKNOWLEDGEMENT: Part of this research was carried out during the first
author’s visit to the University of Géttingen, to whom he is grateful for its
hospitality.

References

[A] R. Azencott, Espaces de Poisson des groupes localement compactes,
Springer Lecture Notes Math. 148 (1970).

[AaLWe] J. Aaronson, M. Lin and B. Weiss, Mixing properties of Markov oeprators
and ergodic transformations, and ergodicity of cartesian products, Israel
J. Math. 33 (1979), 198-224.

[ALBi] L. Alaoglu and G. Birkhoff, General ergodic theorems, Ann. Math. 41
(1940), 293-309.

[BIE] J. R. Blum and B. Eisenberg, Generalized summing sequences and the
mean ergodic theorem, Proc. Amer. Math. Soc. 42 (1979), 423-429.



Vol. 88, 1994

[BIRei]

[CM]

[D4]

[D2]

[Ds]

[DL4]

[DL,]

(DLs)

(DL4]

(Fe]

[F3]

(Fu]

CONVERGENCE OF REPRESENTATION AVERAGES 155

J. R. Blum and J. I. Reich, Pointwise ergodic theorems in Ica groups,
Pacific J. Math 103 (1982), 301-306.

B. Center and A. Mukherjea, More on limit theorems for probability mea-
sures on semigroups and groups, Z. Wahrsceinlichkeitstheorie 46 (1979),
259-275.

Y. Derriennic, Lois “Zéros our deux” pour les processus de Markov. Appli-
cations aux marches aléatoires, Ann. Inst. Poincaré B 12 (1976), 111-129.

Y. Derriennic, Entropie, théoréms limites et marches aléatoires, Springer
Lecture Notes Math. 1210 (1986), 241-284.

Y. Derriennic, Entropy and boundary for random walks on locally com-
pact groups, Trans. Tenth Prague Conf. Information Theory, Academia,
Prague, 1988, pp. 269-275.

Y. Derriennic and M. Lin, Sur la tribu asymptotique de Marches aléatoires
sur les groupes, séminaire de probabilités, Rennes, 1983.

Y. Derriennic and M. Lin, Sur le comportement asymptotique des puis-
sances de convolution d’une probabilité, Ann. Inst. Poincaré B 20 (1984),
127-132.

Y. Derriennic and M. Lin, Convergence of iterates of averages of certain
operator representations and of convolution powers, J. Funct. Anal. 85
(1989), 86-102.

Y. Derriennic and M. Lin, On pointwise convergence in random walks, in
Almost Everywhere Convergence, Academic Press, New York, 1989, pp.
189-193.

W.E. Eberlein, Abstract ergodic theorems and weak almost periodic func-

tions, Trans. Amer. Math. Soc. 67 (1949), 217-240.

S. R. Foguel, On iterates of convolutions, Proc. Amer. Math. Soc. 47
(1975), 368-370.

S. R. Foguel, Iterates of a convolution on a non-Abelian group, Ann. Inst.
Poincaré B 11 (1975), 199-202.

S. R. Foguel, Powers of a contraction in Hilbert space, Pacific J. Math. 13
(1963), 551-562.

H. Furstenberg, Boundary theory and stochastic processes on homoge-
neous spaces, in Harmonic Analysis on Homogeneous Spaces, Proc. Symp.
Pure Math. 26 (1972), 193-229.

S. Glasner, On Choquet-Deny measures, Ann. Inst. Poincaré B 12 (1976),
1-10.



156

[GrMo]

[GuKeRoy]

[HR]

[HoM]

(K]
[KaV]

[KeMa)

(L1]

(L2]

(Ly]

(LW]

(M]

[MTs]

P]
[Pa)

[RN)

[Re]
[Rol

M. LIN AND R. WITTMANN Isr. J. Math.

S. Grosser and M. Moskowitz, Compactness conditions in topological
groups, J. Reine Angew. Math. 246 (1971), 1-40.

Y. Guivarch, M. Keane and B. Roynette, Marches aléatoires sur les groupes
de Lie, Springer Lecture Notes Math. 624 (1977).

E. Hewitt and K. Ross, Abstract Harmonic Analysis, Vol. I, 2nd ed.
Springer, Berlin, 1979.

K. Hoffmann and A. Mukherjea, Concentration functions and a class of
non-compact groups, Math. Ann. 256 (1981), 535-548.

U. Krengel, Ergodic Theorems, de Gruyter, Berlin, 1985.

V. A. Kaimanovich and A. M. Vershik, Random walks on discrete groups:
boundary and entropy, Ann. Prob. 11 (1983), 457-490.

J. Kerstan and K. Matthes, Gleichverteilungseigenschaften von Faltung-
potenzen auf lokalkompakten Abelschen Gruppen, Wiss. Z. Univ. Jena 14
(1965), 457-462.

M. Lin, Ergodic properties of an operator obtained from a continuous
representation, Ann. Inst. Poincaré B 13 (1977), 321-331.

M. Lin, Convergence of convolution powers of a probability on a LCA
group, Semesterbericht Funktionalanalysis, Tiibingen 3 (1982/3), 1-10.

Y. Lyubich, Introduction to the Theory of Banach Representations of
Groups, Birkhatser, Basel, 1988.

M. Lin and R. Wittmann, Ergodic sequences of averages of group repre-

sentations, Ergodic Theory & Dynamical Systems (to appear).

A Mukherjea, Limit theorems for probabilty measures on non-compact
groups, Z. Wahrscheinlichkeitstheorie 33 (1976), 273-284.

A. Mukherjea and N. Tserpes, Measures on topological semi-groups,
Springer Lecture Notes Math. 547 (1976), 443-445.

J.P. Pier, Amenable Locally Compact Groups, Wiley, New York, 1984.

T. W. Palmer, Classes of non-Abelian, non-compact, locally compact
groups, Rocky Mount. J. Math. 8 (1978), 683-741.

C. Ryll-Nardzewski, On fixed points of semi-groups of endomorphisms of
linear spaces, Proc. Fifth Berkeley Symp. Math. Stat. Probab. IT (1965-6),
55-61.

D. Revuz, Markov Chains, North-Holland, Amsterdam, 1975.

M. Rosenblatt, Markov Processes: Structure and Asymptotic Behaviour,
Springer, Berlin—Heidelberg-New York, 1971.



Vol. 88, 1994

[Ros]

[St]

[5Z)

[T1]

[T2)

Wil

CONVERGENCE OF REPRESENTATION AVERAGES 157

J. Rosenblatt, Ergodic and mixing random walks on locally compact
groups, Math. Ann. 257 (1981), 31-42.

A. J. Stam, On shifting iterated convolutions, Compositio Math. 17
(1966), 268-280.

G.J. Székely and W.B. Zeng, The Choquet-Deny convolution equation
u = px o for probability measures on Abelian semi-groups, J. Theoretical
Probability 3 (1990), 361-365.

A. Tempelman, Ergodic Theorems on Groups, Mokslas, Vilnius, 1985 (in
Russian).

A. Tempelman, Ergodic Theorems for Group Actions, Kluwer, Dordrecht,
1992.

G. Willis, The structure of totally disconnected locally compact groups,
preprint, March 1993.





