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ABSTRACT 

Let S be a locally compac t  ( a -compac t )  group or semi-group,  and  let T(t) 

be a cont inuous  representa t ion  of $ by contrac t ions  in a Banach  space X.  

For a regular  probabil i ty It on S,  we s t udy  the  convergence of the  powers 

of the  It-average Ux = f T(t)xdtt(t). Our  main  resul ts  for r a n d o m  walks 

on a group G are: 

(i) if tt is adap ted  and  str ict ly aperiodic, and  genera tes  a recurrent  r andom 

walk, t hen  Un(U - I) converges s t rongly  to 0. In par t icular ,  t he  r andom 

walk is complete ly  mixing.  

(ii) If It • is ergodic on G x G, t hen  for every un i t a ry  representa t ion  T( . )  

in a Hilbert  space,  U n converges s t rongly  to the  or thogonal  project ion 

on the  space of c o m m o n  fixed points.  These  resul ts  are proved for semi- 

group representa t ions ,  along with some other  resul ts  (previously known 

only for groups)  which do not  a s s u m e  ergodicity. 

(iii) If # is spread-out  with suppor t  S, t hen  [[itn+K _ Itn[[ ._., 0 if and  

only if e E [J~=o s - J  sJq'K" 
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(iv) If G is in the class [SIN] and /~ is adapted and strictly aperiodic, 
then for every representation by contractions in a uniformly convex or 
uniformly smooth Banach space, U n converges strongly to a projection on 
the common fixed points. Other results for G in [SIN] are also obtained. 

1. I n t r o d u c t i o n  

Let $ be a locally compact  (a-compact)  semi-group (always assumed Hausdorff).  

For a regular probabil i ty # on 8,  the convolution operator  #* f ( t )  = f f ( ts)dp(s)  

is a Markov operator  on C(S), which is the average of the t ranslat ion operators  

6~ * f ( t )  = f( ts) .  When $ = G is a locally compact  group with right Haar  

measure A, the representation s --* 5s is continuous in Lp(G, ~) 1 <_ p < oc, 

Co(G) and UCBt(G). 

Let X be a Banach space, and let T: S ~ B ( X )  be a bounded opera tor  of 

S (i.e., T(st) = T(s)T(t) ,  and sups [IT(s)ll < ~ ) .  The representat ion is called 

c o n t i n u o u s  if t --* T( t )x  is continuous for every x E X and w e a k l y  c o n t i n u o u s  

if f ( t )  = (x*,T(t)x) is continuous for x C X* and x E X.  For groups, this 

implies (strong) continuity [HR, p.340]. For a regular probabili ty # on S, the # 

average Uux = f T(t)xd# is defined in the strong operator  topology for s trongly 

continuous bounded  representations. If  X is reflexive and the representat ion 

is weakly continuous, then U~,x is defined in the weak operator  topology by 

(x*,Uux) = f (x*,T( t )x)dp( t ) .  It  is easily checked tha t  U~.~ = UuU~, with 

the convolution p �9 u defined by # �9 u(A) = f f lA ( tS )dp ( t )du ( s ) .  Note tha t  

U~ = f T*(t)dit(t) is always defined in the weak- ,  topology of X*. 

There are two interesting problems in the s tudy of the asymptot ic  behaviour  

of r andom walks on groups: 

1. The mixing problem: If it is an ergodic strictly aperiodic probabil i ty (i.e., 

G is the smallest closed normal  subgroup, a class of which contains the suppor t  

of it), is the random walk generated by it completely mixing (i.e. ]lit n �9 f i l l  --+ 0 

for f fdA =- 0)? We give an affirmative answer if it generates a recurrent  r andom 

walk. 

2. The "concentrat ion function" problem: If G is non-compact ,  and it is 

a d a p t e d  (the closed group generated by its support  is G) and strictly aperi- 
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odic, do we have lip ~ �9 fllo~ --* 0 for every f E C0(G)? We obtain an affirmative 

answer if p • p is ergodic. 

The results are obtained by studying the convergence of the iterates of the 

p-average of a representation of a semi-group S, under various assumptions on 

p. We also extend some of the results of [DL3] from group representations (in 

uniformly convex spaces) to semi-group representations. 

The "concentration function" problem is given a positive solution if there exists 

an open set V with compact closure such that t - l V t  = V for every t E G. This 

is obtained via the study of representations of groups in the class [SIN]. 

Completing the work in [HoM], Willis [Wi] has recently proved the "concen- 

tration function" problem for p i r r educ ib l e  (the closed semi-group generated 

by its support is G) on any locally compact group. The problem for p adapted 

and strictly aperiodic is still unsolved for arbitrary G. 

2. S t r o n g  c o n v e r g e n c e  o f  U n 

One of the main problems in studying the asymptotic behaviour of random walks 

on groups and of convolution powers is: I f  p is an ergodic strictly aperiodic 

probability on G, is it completely mixing? (complete mixing means that 

Iipn* f l ] l ~  0 f o r f E L l ( G , A )  with / fd~--  0. 

See [K, p.254]). The answer is affirmative in the following cases: 

(1) G is compact - -  the Ito-Kawada theorem (e.g., [Ro, p.153] or 

[DL3, cor. 3.2]). 

(2) V is abelian [geMa], [St] (see also [F1], [DL,], [DL2], [L2]). 

(3) For some n, pn and pn+l are not mutually singular [F2]. 

(4) p is spread out (for some n, p~ is not singular with respect to the Haar 

measure A) [G]. (In particular if G is discrete.) 

In this section we study the problem via general results on representations, 

and we do it in the context of semi-groups. For abelian semigroups, see ILl]. 

Let S be a semi-group, and T(.) a continuous bounded operator represen- 

tation in a Banach space. We denote F = {y: T(t)y = y for t E $}, and 

g = c l m U t e 8 ( I -  T(t))X. We define similarly F.  and N. for {T*(t)}. The 

Hahn-Banach theorem yields that z E N r (y*, z) = 0 for every y* E F. .  



128 M. LIN AND R. W I T T M A N N  Isr. J. Math .  

Definition: A probability # on a locally compact a-compact semi-group S is 

called e rgodic  if the only g E C(8), satisfying f g(st)d#(s) = g(t) for every 

t ES, are the constant functions. 

We define g * # = f g(st)d#(s). Let G be a locally compact group, and f E 

C(G). Define ] ( t ) =  / ( t - i ) .  Then 

(2.1) /2*f(t) = f f ( t s )d f t ( s )= f f ( t s -1 )d# ( s )=  f ](st-1)d#(s) = ]*# ( t - I ) .  

This shows that  /2 * f > f if and only if ] * # > ] ,  and/~ is ergodic in that  
1 n definition if and only if #n = ~ ~-~j=l #J is an ergodic sequence in the sense of 

[LW]. 

LEMMA 2.1: Let I~ be an ergodic probability on a locally compact semi-group 

S, and let T(t) be a bounded continuous representation o r s  in a Banach space 

X.  Then: 

(i) U;y* = y* ~ y* e F.. 

(ii) (I  - U~,)X = Y .  

(iii) F N g = {0}. 

(iv) For every x E X, ~--6{ T(t)x: t E S}  fq F has at most one point. 

Proof: We denote U~, by U. We may assume IIT(t)ll _< 1. 

(i) Let U'y* = y*. For x e X define g(t) = (y*, T(t)x).  Then 

g .  f f (y*,T(s)T(t)x)d.(s) 
= (y*, UT(t)x) = (y*, T(t)x) = g(t). 

Hence g(t) is constant by ergodicity of #, and integration with respect to # 

yields g(t) = (y*,x). Thus (T*(t)y*,x) = (y*,x) for every t E S and x E X, so 

y* E F,. 

(ii) Obviously ( I -  U)X  C N. The Hahn-Banach theorem and (i) yield 

equality. 

(iii) FM N C {y: Uy = y} N N = {y: Uy = y}1"1 ( I -  U)X  = {0}. 

(iv) Let t l r  Y2 be in C = ~-6{T(t)x: t E S}. Then for everyy* E F. we 

have (Y*,Yl) = (Y*,Y:), since y* is constant on C. Thus 0 ~ Yl - Y2 E F N N, a 

contradiction. I 
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Remarks: (1) Property (ii) is equivalent to saying that  ~ ~7=i Uj is a right- 

ergodic sequence for { T(t): t E S}; see [S, pp. 75-81]. For any # (ergodic or 

not), we have ( i )~  (ii). 

(2) Let X be the dual of the example of [A1Bi], and S the dual of the (two- 

point) semi-group they construct. Since X* is now uniformly convex, (i) holds, 

and # = 1(61 + 62) is ergodic. 

However, there exists y E X, Uy = y, with y r F.  This shows that right 

ergodicity is not sufficient for Eberlein's theorem [E] (see [K, p.76]), and answers 

negatively the question of [K, p.78]. 

(3) If the only functions g E C(S)  satisfying # * g = g are constants, a similar 

proof shows Uy = y ~ y E F (weak continuity is sufficient for this proof as well 

as for Lemma 2.1(i)). Note that for a group, this is ergodicity of ft, by (2.1). 

However, # may be ergodic with f~ not ergodic [G], [D2], [D3]. 

(4) Ergodic probabilities exist on a locally compact a-compact group if it is 

amenable ([KaV], [Ros]), and only if ([A],[Fu]). 

(5) In an Abelian group, # is ergodic if and only if it is adapted. 

De~nition: # on the semi-group is topologica l ly  r e c u r r e n t  if we have 

(2.2) g e e ( s ) ,  g . p > g ~ g . # = g .  

Remarks: (1) If # is adapted on a group, this is equivalent to recurrence of the 

random walk generated by # (e.g., [Re]). 

(2) If # is recurrent, so is pJ for every j > 1. 

(3) Recurrence in semi-groups is studied in [MTs]; see also [Ro]. 

Detinition: Let A, B be subsets of a semigroup S. We define 

A - 1 B  = { t E S: 3a E A with at E B}, 
B A  -1 = { t E S: 3a E A with ta E B}.  

THEOREM 2.2: Let # be a topologically recurrent ergodic probability on a 

locally compact (a-compact) semi-group S , with support S, such that the 

closed semi-group generated by U~~ j is S. For a bounded'continu- 

ous representation of S in a Banach space X,  we have lim II(g,)nxll = 0 for 

x E N = c l m U t e s ( I  - T ( t ) ) X ,  so, in particular, I J g n ( / -  g)yJl --* 0 for y e X. 

Proo~ By taking an equivalent norm, we may assume IIT(t)ll _< 1 for t E S. 

Denote U, by g.  Then Ilgll __ 1, so Ilgnxll converges for every x e X. 
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STEP J.: For every x E X ,  limn--.~ IiUnT(t)xlI is independent of t E 8 .  

Fix x E X,  and define hn(t) = JiU~T(t)xJ]. Then 

h~ * #(t) = / hn(st)d#(s) = /IIU~T(st)xltd~(s) 
> II f UnT(s)T(t)xd#(s)Jl = IIU~+lT(t)xll = h~+l(t) .  

Since IlVJl < 1, hn(t) is decreasing, and h(t) = l imhn( t )  is well-defined, and 

satisfies h * #  > h. By equicontinuity of {h~}, h(t) is continuous. Hence, by (2.2), 

h �9 tt = h, and by ergodicity, h(t) is a constant  function, so our claim is proved. 

It  follows tha t  if y = T(to)x, then 

lim IJUnT(t)yJl = lim IJV'~T(tto)xil = lim JlVnT(to)xll = lim JIUnYII. 

We fix x satisfying: 

(,) limllUnT(t)xll = l iml lU~xl l  for eve ry  t E S .  
n 

STEP 2: If  #(A) > 0, then lirn~__.~ II 1 fa UnT(t)xd~(t)ll = lin~__.~ IIU~xll. 

Let c = lim IIU~xll . By ( .) ,  lira IIUnZ(t)xll -- c for every t E S. We denote 
1 #(a) fA T(t)xd~,(t) by UAX. Then  lim IIU~UAxll exists since IIUII ___ 1, and ,  by 

Lebesgue's  theorem, 

limllUnUaxll <_ lim ~ / a  IJUnT(t)xlldp(t) = c. 

We use this inequality also for A c and obtain  

c = lim IIU~+lxll -- lira IIp(A)UnUAx + jz(Ac)UnUaoxll 

< #(A) lim IIUnUAxll + ~,(A ~) lim IIU~UAoxll <_ c 

Hence we have IIU~UAxll --, c. 

STEP 3: Let A n B = I~, lz(A)l~(B) > 0. Then  

lim IIU~UAx + U~UBxll -- 2 lim IIU~xll , 

We may  assume #(A)  < #(B) .  Define 

_ 1 ] "  p ( A )  
yn ~(A u B) JA UnT(t)xd~(t) - ~(A U B) U'WAX 
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and 

__ . ( B ) )  VnVBx. z~ p(A 

By step 2 we have lim ilynll = c#(A) /#(A  u B) and lim ilz~ll = c# (B) /# (A  U B), 

and also IlY~ + z~il = IKU~U(AuB)xil I c. 

Of course, we have to prove only for c > 0. 

Let 5 > 0. Fix N such tha t  for n > N we have 

Ily~ll < #(A)c(1 + 5). #(B)c(1  + 5). 
# ( A U B ) '  IIz~ll< #(A U B) ' llYn + Znll >- c" 

For a = #(A) /# (B)  (we assumed a < 1) we have 

I1~ + ~z~ i i  = iiy~ + z .  - (1 - ~ )zn i l  > ily~ + z.II - (1 - ~) l iz~i l  

> c - #(B) - #(A) #(B)c(1  + 5) 
- # ( B )  #(A U B) 

Hence 

ilunuAx + v~vBxii 
#(A U B) 

# ( A )  I l Y n + ~ z ~ l i  

> [p(A)] -1 {c[#(A) + p(B)] - c(1 + 5)[#(B) - #(A)]} 

=2c  - 5c[#(B)/l~(A) - 1]. 

Lett ing 5 --~ 0 we have (using step 2) 

2c < l imllUn(gAx + g~x)ll ~ limllUngAxll + limllUng~xll = 2c. 

STEP 4: l imllUnT(t l)x  + UnT(t2)x[[ = 21imHUnxt[ for t l , t2 �9 S. 

By strong continuity, for r > 0 there exist disjoint open sets A and B, tl �9 A 

and t2 �9 B, such tha t  [IT(t)x - T(tl)xl[ < e for t �9 A and [[T(t)x - T(t2)xl] < e 

for t �9 B. Step 3 will yield the claim. 

Proof of the Theorem: By step 1, lim [[UnT(t)x[[ is a constant ,  and we denote 

it by c(x). Using again step 1, we obtain  

c(T(s)x) = lim [[V~T(t)T(s)x]l = lim IlUnT(ts)xl[ = c(x) = lim iIU~T(s)x[I. 
n " - *  O 0  

Hence assumpt ion ( , )  holds with T(s)x  instead of x, for any x �9 X .  Thus, we 

may  subst i tute  in step 4 T(s)x  for x, and since c(T(s)x) = c(x), we obtain,  for 

s �9 S, x �9 X ,  and tl ,  t2 �9 S tha t  

lim IlUnT(tl)T(s)x + UnT(t2)T(s)xil = 2c(x). 
n - - - *  o o  
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Let t E S - 1 S .  Then there are t l , t  2 E S with t i t  = t2. Use these t l , t  2 and put  

s = t in the above to obtain 

c(x + T ( t ) x )  = lim ]IUnT(t2)(x + T( t )x) I  I 

= lim I i V n T ( t l ) T ( t ) x  + UnT(t2)T( t )x i I  = 2c(x). 

Hence, 

c = c(x) for t E S-Is. 

Since also U j obviously satisfies the conclusion of step 1 (with same limits c(x)), 

we have for t E ( s J ) - I s  j and x E X tha t  

c(I + r(,) x) = c(x). 
2 

By induct ion we obtain  

c ( ( I + T ( t ) ) k x ) = c ( x )  for x E X a n d  tEU(sJ)-isJ. 
J 

Fix t E U ( S J ) - I S  j and let x = ( I  - T( t ) )y .  Computa t ion  of binomial  coeffi- 

cients shows tha t  

- T ( t ) ) l l  0 .  

Hence 

for large k, so c(x) -- 0 for x = ( I  - T( t ) )y .  Thus, for t E U ( S J ) - I S  j we obtain 

liin~-,oo I iUnT(s) ( I  - T(t))yl] = 0 for every s E ,S and y E X.  

Fix x E X and define 

S '  = { t E S: ][UnT(s)(I  - T(t))x][ --* 0 for every s E S} 

(i.e., ,.q' = { t: c(( I  - T ( t ) ) x )  = 0}). By what  we have proved (put t ing x instead 

of y), U ( S J ) - I S  j c s t, and clearly (by continuity of the representation) $1 is 

closed. We show it is a semi-group: let t l ,  t2 E S ' .  Then, for any s E S, we have 

U n T ( s ) ( I  - T ( t l t 2 ) ) x  = u n r ( s ) ( I  - T ( t l ) )X  + U ~ T ( s ) T ( t l ) ( I  - T ( t2 ) )x  

which shows t l , t2  E 81. By our assumption on S, we have S '  = S. Using 

Lebesgue's  theorem, we obtain for any t E S tha t  

<_ / I I U ~ T ( s ) ( I  - T(t))xl fdm(s) i i u=+ l ( i  T(t))xi l  o I 

and the theorem is proved. I 
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Remarks: (1) $ = {a, b} with a 2 = ab = a and b 2 = be = b, with #{a}#{b} > 0, 

satisfies the assumptions of the theorem. However, the dual of the example of 

[A1Bi], discussed above, shows that even if Unx converges, the limit need not be 

in F (this also shows that the identification of the limit in [K, p.222] as being in 

F requires additional assumptions - -  e.g. S is a group [RN]). 

(2) The recurrence is used only in step 1. If we can show, for a representation 

by contractions, that for every x E X lim[[U~T(t)x[[ is constant (independent 

of t), then the rest of the proof is applicable. (This is the case for the translation 

operators in LI(G) for G an Abelian group.) 

(3) If G is a locally compact group, strict aperiodicity of adapted p is equivalent 

to the fact that the closed (semi) group generated by U?_I(S-JsJ U s i s  - j )  is 

all of G [DL3]. For a group put, in step 4, x = T(t21)x,  t2 C S, to obtain 

: c (x )  

also for t C S S  -1. Our proof then applies to this case. Hence the Abelian group 

result is included. 

(4) It can be shown that a proof of theorem 4 of ILl], which deals with $ 

Abelian, is also included in our proof. 

COROLLARY 2.3: Let G be a locally compact a-compact group with right Haar 

measure A, and let p be an ergodic strictly aperiodic probability. I f  p is recurrent, 

then [[pn. fil l  --* 0 [or every f E LI(G,A) with f fdA = 00 .e . ,  p is completely 

mixing). 

Proof." The recurrence of # implies irreducibility, and then the strict aperiodicity 

is equivalent to the condition imposed on S in the theorem, by [DL3] (see also 

Remark (3) above). We apply the theorem to the representation T ( t ) f  = 5t * f 

for f C LI(G, A), noting that N = { f C LI(G, A): f fdA = 0}. | 

Remarks: (1) The existence of a recurrent ergodic random walk on a group G 

implies amenability and unimodularity. See [GuKeRoy], where such groups are 

studied. 

(2) In [DLd] it is shown how to transfer the complete mixing in LI(G) to all 

representations. However, it is not needed here, since the theorem was proved 

directly for representations, and yields the following. 
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COROLLARY 2.4: Let G be a locally compact group and Iz a recurrent ergodic 

strictly aperiodic probability. For a bounded continuous representation of G in 

a Banach space X we have { y: Ut~y = y} -- F, and U~ converges strongly on 

F @ N to the corresponding projection on F. 

Proof: Since # is recurrent and ergodic, so is/2, and U,y = y ~ y 6 F is proved 

as in Lemma 2.1 (i). We can now apply Theorem 2.2. II 

Remarks: (1) If X is reflexive, for bounded groups the decomposition X = F |  

holds without requiring any recurrent ergodic probability, by [RN]. 

(2) If X is reflexive and the group G has a recurrent ergodic probability, then 

X -- F �9 N follows from Lemma 2.10) and the proof of Corollary 2.4, using the 

ergodic splitting induced by U,. 

(3) The decomposition X = F @ N was studied by Eberlein [E]. 

COROLLARY 2.5: Under the assumptions of Corollary 2.4, if  G is non-compact, 

then 

(i) I1~ n , fl12 --* 0 for f e L2(G, ~). 

(ii) I1~, n * f l l ~  --* 0 for f ~ Co(G). 

Remark: It was noted in [DL3] that the above corollary is true without the 

strict aperiodicity assumption (for/~ recurrent ergodic), using a general result 

for recurrent ergodic Markov operators. 

It is well-known (e.g., [DL1]) that if # is completely mixing on a group, then/z 

must be strictly aperiodic (and ergodic). See also Proposition 3.3. An example in 

[G] shows that we may have # adapted and strictly aperiodic without U n ( I -  U) 

converging strongly to 0 (and U~(I - U k) does not converge to zero, as n --~ ~ ,  

for no k _> 1). Thus, we need a stronger algebraic condition, which can yield 

convergence results in the adapted non-ergodic case. 

LEMMA 2.6: Let G be a locally compact a-compact group, # a probability on G 

with support S, u a probability with support S~. I f  

limoo I1# n �9 ($  - v �9 $)111 < 211$111 for every f E C(G) with compact support, 

then e 6 Uj~ 0 S-JSJS~.  

O 0  
Proof." Assume e r Uj=o S-JSJS~.  Then there exists a neighbourhood A of 

e with A n U~~ S - i S  jS"  = 0. Let B be a compact neighbourhood of e with 

B B  -1 C A. Then SJ B N sJ S ,  B = 0 for every j _> 0. 
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Take 0 < f E C(G) supported on B with f fd)~ = 1, and let ~ be defined by 

= f .  Then #J * ~(SJB) = 1, # J ,  ~ �9 ~(SJSvB) = 1. Hence for every j ,  
d;~ 

2 = Ill, j �9 ~ - , J  �9 ~, �9 ~11 = I I ,  j * ( ( z x ] )  - . ( A ] ) ) I I 1  

(where A is the modular function. See [LW]). But this contradicts the given 

convergence. I 

COROLLARY 2.7: Let # be a probability with support S on a locally compact 

a-compact group G. 
(X)  

(i) I f  # is completely mixing, then G = Uj=o s - J  sJ. 
O 0  O 0  

(ii) I f #  is ergodic, then G = Uj=0 Uk=o S-JSk" 

(iii) If, for some k >_ 1, we have limn--.~ II# n * ( f  - / z  k * f)[ll = 0 for every 

_ f E LI(G,A) ,  then e E U~=0S-JSJ+k" 

Proof'. (i) From Lemma 2.1(ii) and ergodicity of #, we obtain 

l i rn  lip n * ( f  - 6t * f)llx = o for every f e LI(G, ,X) and t E C. 

Hence, by the previous lemma, e E U~=0 S-JSJt ,  for every t C G, which yields 

the assertion. 

(ii) Let #' 1 #, = ~(5~ + #). Then has support $1 -- S u {e} and is completely 

mixing. Since S~ -- Ui=o Sk, with S o = {e}, we obtain the result by applying 

(i) to #'. 

(iii) is immediate from the previous lemma. I 

Remarks: (1) If G is Abelian, Uj=o S-JSJ  is obviously a closed semi-group, 

closed under inversion, so it is the closed subgroup generated by S-1S .  Hence, 

the condition in (i) is equivalent to strict aperiodicity in the Abelian case. 

(2) If p is adapted and e e U~=0 S-JSJ+l ,  then # is strictly aperiodic: Let H 

be the smallest closed normal subgroup with S C tH  for some t C G. Since H is 

normal, S j C tJH, and 

s - i s  j+l C Ht -J tJ+lH = H t H  = tH. 

Hence the assumption implies e E tH, so t -1 E H, and thus S C H. Since # is 

adapted, H = G. 
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(3) If G -- vj=011~ S-JSJ, then # is adapted and strictly aperiodic: The closed 

subgroup generated by S obviously contains all S - i S  j, hence is G. Now GS = G 

yields e E Uj=o S-JSJ+I, and by the previous remark, # is strictly aperiodic. 

(4) If G = Uj~__0 Uk~=0 S - i S  k, then # is necessarily adapted. 

(5) For G Abelian, # is strictly aperiodic if and only if it is adapted and 
O O  e C Uj=o S-JSJ+l This is because strict aperiodicity is equivalent to complete 

mixing in Abelian groups, and we can use Corollary 2.7 (iii), with k = 1. 

We shall prove below the converse of Corollary 2.7 (iii) for # spread-out, and 

for general # in a certain class of groups (which contains all Abelian, compact 

and discrete groups). 

LEMMA 2.8: Let tt be a probability on a semi-group 8, and let T(t) be a con- 

tinuous representation of $ by contractions in a Banach space X.  Then for any 

j >_ O, k >_ O and x E X,  we have 

(i) limn--.o~ IlT(t)Unx-t-T(s)Un+kxll = 2 lim tlUnxH in ttk+J(t)x #J(s) measure. 

I f  S is a group, then we have also 

(ii) l im~_~ I]T(t)Vnx + U~+kx]l = 21imHVnxH in pJ * #k+j measure. 

Proof Denote c(x) = lim HV~x[] (which exists since [tVH _< 1). Then 

211g~ =ll f f [r(t)v x + 
-< ] ] IIT(t)U~x + T(s)U~+kxltd.k+J(t)d.J(s) <_ 211S~xll. 

Hence f f[211U~xll - IIT(t)g~x + T(8)U~+kxllld.k+J(t)d.J(~) --* 0 with n o n -  

negative integrand, which proves (i). 

If S is a group (and we then assume T(e) = I), then T(t) is an isometry, so 

f [21lS'~xH - I[T(r)Unx + U'~+kxllld([~ j . #k+J)(r) 

= / / [21lUnxll - H T ( s - l t ) V ~ x  + Un+kxlNdpJ(s)d#k+J(t) 

= f / [21lUnxll --IIT(t)V~x + T(s)U~+kxllldt~J(s)dt~k+J(t) 

which converges to 0 by (i), and (ii) follows. | 

For our next result we need a certain technical property of G. It is customary 

to denote by [SIN] the class of all locally compact groups such that  there is a 

base of compact neighbourhoods of the identity, each invariant under all the inner 
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automorphisms ~oa(t) = a - l t a .  This is a classical class of locally compact groups, 

and has been extensively studied. See [GrMo] and [Pal (where many additional 

references are given). 

THEOREM 2.9: Let  G be a locally compact  group in [SIN]. Let  # be a probabi l i ty  

on G, wi th  support  S,  and let K > 1. Then the following are equivalent: 

(i) for any bounded continuous representation o f  G in a Banach space X ,  

lim I I U n ( I -  UK)xll = 0 for every  x E x .  
n - - * o o  

(ii) lirn~__,o~ I1~ ~ * (S - # K ,  S)II < 211f111 for S ~ C(C) with compact support, 
(iii) e E Uj=0 S - J S J + K  

Proof." ( i )~(i i ) .  We apply (i) to the canonical representation by translations in 

LI (G ,A) .  

(ii)~(iii)  follows from Lemma 2.6. 

(iii)~(i):  We may assume IiT(t)II _< 1 for t 6 G, so each T( t )  is an isometry. 

Fix x 6 X, and let r > 0. By continuity, there exists a neighbourhood A of e 

such that I iT(t)x - xlI < r for t E A, and since G E [SIN],  we may take A to 

be invariant under the inner automorphisms. Hence, if t - i t  ' E A,  we have that  

( s - l t s ) - l ( s - l t ' s )  = s - l ( t - l t ' ) s  E A for every s E G, hence 

IIT(ts)x  - T ( t '  s)xtl = I I T ( s - l t s ) x  - T ( s - l t '  s)xll < ~. 

Now if t - i t  ' E A we have also 

IfT(ts) U m x  - Z ( t ' s )Umxl l  =11/ [Z( t s )Z(s ' )x  - T (  t ' s )T (  s ' )x]d#m ( s')ll 

f IIT(t)Z(ss')x - T(t')T(ss')xlld#m(s ') < < 

Thus, i fy  = Umx,  then t - i t  ' E A implies I I T ( t s ) y - T ( t ' s ) Y l l  < ~ for every s E G. 

Hence the same holds also for y E C =Conv{  Umx: m >_ 0}. 

Define gn,k,u(t) = I tT( t )Uny + u~+kyll.  We want to show that  { g,~,k,u: n _> 

0, k > 0, y E C} is equicontinuous. Fix ~ > 0. Let A be the neighbomihood as 

before. For t - i t  ' E A we have 

Ign,k,u(t) -- gn,k,y(t')l < IIT(t)UnY - T(t ' )UnYll  

[ IIZ(t)T(s)y - T(t')Z(s)Ylldttn(s) < ~. < 
d 
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Hence {gn,k,v} is equicontinuous. 

We denote c(y) = lim IlVnyH. 

Fix to �9 S - i S  j+k. We show tha t  IIT(to)Uny+Un+kyll ~ 2c(y) for y �9 C. Let 

limn, IIT(to)Un'y + Vn'+ky H = a. By Lemma 2.8 (ii), HT(t)Vny + Un+ky]l --* 

2c(y) in ftJ �9 #j+k measure, so for a subsequence of {ni} (still denoted {hi}) we 

have #J �9 ttJ+k a.e. convergence. By the equicontinuity limn-.oo ]lT(t)Un'y + 

Un~+ky]] is continuous on supp(# j * #j+k),  so a = 2c(y). 

Fix ~ > 0. By the equicontinuity, there exists an open set A containing e such 

tha t  t �9 A implies ]gn,k,u(t) - gn,k,v(e)] < c for every n, k > 0 and y �9 C. 

By our assumption,  e �9 (-J~=o S-JSJ+K" Hence there exists j _> 0 with ft  j .* 

#J+K(A) > 0, so there is to E A N S - i S  j+g  ~ O, and by the above, we have, for 

a n y y � 9  

[]GUy-~- v n + K y  u = gn,K,y(e) ~ gn,g,y(tO) -- e 

= []T(to)Uny + v~+Kyl] - e ~--.o~" 2e(y) - e. 

Since e > 0 was arbitrary, ]]U"I(I + UK)yH n--*oo" c(y). Hence 

and iterating, 

[ I +  UK "X 
) = c(v), 

Since x was arbitrary, put  ( I -  UK)x  for x. Since 

(/+ UK~m(I - -UK) I I  . ~ .  0 
2 J 

by computa t ion  of binomial coefficients, we have 

lim IlVn(I- UK)xll c ( ( I -  UK)x)  = c 

< l l ( '  +ug)m(i--Ug)xll-- m- oo , O. , 

Remarks: (1) The whole set C was not really used in this theorem, and we could 

have put  x instead of y E C. The general case will be needed later. 

(2) If  e �9 S g (e.g., S is symmetric,  yielding e �9 S 2) (iii) holds, and we obtain  

][gn(I - ug)x[]  ~ 0 for every x �9 Z .  In particular,  e �9 S ~ ]]Un(I - V)xl] --~ 0 

for every x �9 X.  
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(3) For G discrete and e �9 S K (or, more generally, /_LK({e}) > 0), the theorem 

follows immediately from IF2]. Hence the interest is in the non-discrete case. 

(4) If p is also ergodic and K = 1, we obtain tha t  # is completely mixing. 

COROLLARY 2.10: Under the assumptions of Theorem 2.9, i f  X is reflexive, and 

# is adapted and strictly aperiodic, then U~x converges strongly to a projection 

P on F, with P ( N )  = {0}. 

Proof." By reflexivity X = {y: Uy = y} | ( I -  U)X.  Since # is adapted,  

Uy = y ~ y �9 F, by [RN] (for a more detailed proof, see IT1, p.28], or [T2]). 

Also by [RN], we have X = F @ N (these results of [RN] are not true for general 

semi-groups, e.g., [A1Bi]). Hence necessarily ( I -  U )X  = N.  

Since # is adapted and strictly aperiodic, so is pg, by [DL3, corollary 1.4]. 

Hence (I  - U K ) X  = N = (I  - U)X,  and [[U~x[I --* 0 for x �9 N by Theorem 2.9. 

THEOREM 2.11: Let # be a spread-out probability, with support S, on a locally 

compact a-compact group G. Then the following are equivalent: 
O 0  

(i) e E Uk%1 Uj_-o S-JSJ+k 
(ii) For some K > 1, I[# n+K -  nll ~ o. 

(iii) There exists K >_ 1, such that for any bounded continuous representation 

of G in a Banach space, I[Un(I - uK)[[n~ oo0. 

(iv) Same as in (iii), but with U~(I - U K) ~ 0 strongly. 

(v) e �9 UT:  Uj%o s-JsJ+ . 

Proof: (ii)=~(iii)=~(iv) is obvious, and ( iv)~( i )  follows from Corollary 2.7(iii). 

( i )~(i i ) :  We look at the canonical representation by right translations in 

LI(G, A), but use the general notation. 

Fix x E LI(G,A) and define gn,k,y(t) = IlT(t)Uny + U"+kyl[1. We prove the 

equicontinuity of 

{9n ,k ,y :n>O,  k > O ,  y E C = { x - U m x : m > O } } .  

Let #n = un + ~/n be the Lebesgue decomposition of #n. Since # is spread out, 

Uno =/: 0 for some no, so [[~/no ][ < 1. Hence [[7/jno [[ _< [[~/Jo [[ -< ][~/no H j -* 0. 

Fix s > 0. There exists N such tha t  ilpN _ VN[] < e/6[lx[I. Since uN < <  A, 

by continuity of the translations in LI(G, A) we obtain a neighbourhood AI of e 

such tha t  list * UN -- UNII < ~/6llxll for t E AI. 
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For n _> N and t - I s  E Ax we now obta in  

]]T( t )Unx - T ( s )Unx] l  

< H[T(t) - T(s)](U N - U~N)un--NxH + II[T(t) - T(s)]U~NU~-NxH 

< 211" N -- ~ l l l l z l l  + I I ( V ~ , * ~  - U ~ . , ~ ) V " - ~ x l l  

<-- [211, N - ~NII + I la , - , ,  * ~N - ~NII]llxll < c / 2 .  

Since the  representa t ion  is s t rongly continuous,  there exists a ne ighbourhood  

A2 of e such tha t ,  for 1 < n < N ,  t - i s  E A2 implies (since IIT(t)ll = 1) 

IIT(t)Unz - Z(s )Unz l l  = I I T ( t - l s ) U n z  - Unxll < ~/2. 

P u t  A = A1 N A2. Then  for t - i s  E A, n _> 1 and y = x - U m x ,  we have 

Ign,k,u(t) - gn,k,u(s)[ <IIT(t)U'~y - T(s)Unyl l  

< l lT( t )Unx  - T(s)Unxl l  

+ I IT( t )un+mx - T(s)Un+mxll  < ~. 

By the equi-continuity of {gn,k,u}, for e > 0 there exists an open set A 9 e 

such t ha t  

[ l lT( t )Uny + un+kYl[1 -- IIUny + u~+ky l l~  [ = Ign,k,u(t) - gn,k,u(e)l < 

for every t E A, n > 0, k > 0 and y = x - U m x .  This  implies t ha t  for n _> 0, k > 0 

and y = x - U m x ,  we have 

(2.3) IIUny + Un+kYlll > [ITtUny + un+lCYllx -- ~ (t E A) .  

By (i) there exist K > 1 and j > 0 such tha t  (/2J �9 I~J+K)(A) > 0. Together  wi th  

L e m m a  2.8 (ii) this implies the existence of a to E A and nk T c~ such tha t  

[[TtoVnky -I- vnk+gy l [1  >__ 2 lirnoo [[Vny[[1 - c. 

Combining  this wi th  (2.3) we get 

I I U ~ y  + Unk+Kyllx > 2 limoo [IUnyl[1 - 2e, 

and  therefore 

l i m o o l l U n ~ ( I +  UK)YIII  > limoo IlU~ylll - ~  (y ~ C).  
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Choosing now y = x - UKx we obtain 

141 

l i m n ~  I[u~+Kx - gnx[[1 ~__ limn-.oo [IU~�89 + u K ) ( I -  UK)xII1 + c 
(2,4) 

= limn~oo [ [v~ l ( I  - u2K)y[[1 + e < limn-~oo [[U~x[[1 + s _< [[x[[1 + C. 

Since tt is spread-out, vN the absolutely continuous part of p N  satisfies 

]l# N - v N l l  < r for some N. Let h = dvN/dA, and denote by A the modu- 

lar function in G (i.e., AdA is a left Haar measure). For any f E L1 (G, A), let 

](s) = f ( s -1 ) .  Then we have (see [LW, Lemma 1.1]) I1~ ~ �9 ~ l t  = II~ ~ * (~h)l lx .  

We put x = Aft in (2.4) and obtain 

lira {[tt n+N+~ - #n+N[[ = lim [[(#~+g _ # 4 ) .  pN]l 

< lim II~ n + K  * VN - ~ "  * vNII + 2e 
n ~ O O  

= lim [Iun+Kx --  U n x l l l  + 2 
7 l  " ~  0 0  

<lJxJll + 3r = JJVNI] + 3~ < 1 + 3r < 2, 

if we chose r < -13 at the beginning. By Foguel's zero-two law [F2], 

lim,_r " + K  -  "11 = 0 .  

We now have the equivalence of (i), (ii), (iii), (iv), and clearly (v)=~(i). To 

complete the proof, we show (ii)=~(v). By (ii), there is n with lip '~+K - P~II < 2. 

Since #n+g(sn+g) = pn(Sn) = 1, we have S '~+K A S n # O. If t E S n+K n S ~, 

then e = t - I t  E S - ~ S  ~+K, implying (v). | 

Remarks: (1) A special case of Theorem 2.11 is when # is irreducible. It is not 

clear if we have K = 1 for # irreducible and strictly aperiodic. 

(2) If # is not spread-out, the result of the theorem may fail (even for weak 

convergence). Let G = R and take # = �89 + ~i/-/), which is irreducible, but 

not spread-out. Let T(t)  be induced in L2[0, 1] by Ota = a + t/(1 + v/2) mod 1. 

Then U is an irrational rotation, so u n g ( I  -- U K) does not converge weakly for 

any K. Thus, the condition on S in Theorem 2.9 cannot be weakened to that  of 

Theorem 2.11. 

(3) For # adapted, strictly aperiodic and spread-out, the result of the theorem 

may fail without the condition on e, by Glasner's example [G]. (Since G is discrete, 

even weak convergence fails). 
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THEOREM 2.12: Let # be an irreducible strictly aperiodic spread-out probability 

on a locally compact a-compact group G. For every bounded continuous repre- 

sentation of G in a reflexive space, U n converges strongly to a projection P on 

F, with P(N)  = {0}. 

Proo~ The same as for Corollary 2.10, except that we use Theorem 2.11. | 

Remarks: (1) Without strict aperiodicity, Theorem 2.11 yields the strong 

convergence of U ng, for any bounded continuous representation in a reflexive 

space. For representations by contractions in a uniformly convex space, this is in 

[DL3, prop. 1.6 and Theorem 2.9]. 

(2) It is not known if in Theorem 2.12, instead of irreducible, we can take # 

adapted. 

We now study the condition on S used in Theorem 2.11. We denote by H the 

smallest closed normal subgroup, a class of which contains S. 

LEMMA 2.13: If the closed group generated by S is G, and 

O 0  OD 

k = l  j = 0  

then G/ H is a compact monothetic Abelian group. 

Proo~ Let p be the canonical projection of G onto G/H. By definition, 

p(S) is a single point p(t) (with t C S), and it generated G/H as a closed 

group [DL3, proposition 1.6], so G/H is monothetic Abelian, either compact - -  

or isomorphic to 77. 

For r E S - i S  j+k (j >_ O, k >_ 1), we have p(r) = p(t) k, so by our assumption 

(and continuity of p) eC/H = p(e) is in the closure of {p(t)k}k>l. Hence G/H 

cannot be isomorphic to 77. | 

3. S t r o n g  c o n v e r g e n c e  o f  U n in u n i f o r m l y  c o n v e x  s p a c e s  

Another important problem in the study of random walks on groups, is that  of 

the convergence to zero, in non-compact groups, of the "concentration function" 

I1# n * 1gllo~ for g compact. It was shown in [DL3] that (i) of Corollary 2.5 

implies (ii). The main result of [DL3] is that  if # is adapted, strictly aperiodic 

and spread-out, then U~ converges strongly for any continuous representation by 
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isometrics on a uniformly convex Banach space. I t  gives an aff irmative answer 

to the "concentra t ion function" prob lem for # spread-out .  For more  discussion, 

see [DL3] and [HoM]. Weak convergence was shown in [D1] and in [M]. 

LEMMA 3.1 : Let S be a locally compact semi-group and let p be a probability 

on S. Let  T(t)  be a bounded continuous representation o r s  in a reflexive Banach 

space X .  I f  

(3.1) l i m [ [ U n T ( t ) x -  UnT(s)x[[ = O, x E X;  t , s  E S 

then U n converges strongly. 

Proo~ For t, s E S (3.1) yields 

II[U n - UnT(s)]T(t)x[I = IlU~T(t) x - UnT(st)xl[ ~-~o~" o. 

Hence, by integrat ing and using Lebesgue 's  theorem,  

[[(U ~ - Vn+l)T(t)x[[ =[[ . / [U n - V~T(s)]T(t)xdp(s)[[ 

< / [ [ [ U ~  - U~T(s)]T(t)xlld#(s) --, 0. 

We m a y  assume X = c l m U { T ( t ) X :  t E S},  so we have Un(I  - U) = U n - 

U n+l ~ 0 strongly, and by the ergodic decomposi t ion  of the reflexive X ,  U n 

converges strongly. | 

THEOREM 3.2: Let S be a locally compact semi-group and let # be a prob- 

ability on ,5 such that # • # is ergodic on ,5 x S. Then for every continuous 

representation o r s  by contractions in a Hilbert space, (U~) n converges strongly 

to the orthogonal projection on the common fixed points. 

Proo~ Let U = U, .  We show tha t  (3.1) holds. Fix x E X ,  and let h , ( s , t )  = 

(UnT(s)x,  UnT(t)x}.  Then  clearly 

2h~(s,t)  = ][Un[T(t)x + T(s)x]l] 2 -  [IUnT(t)x[[ 2 -  [[UnT(s)xl[ 2. 

Since IlUH ~ 1, each t e r m  on the right hand side converges as n --* c~, so 

h(s, t) = l im ha(s, t) is well defined, and is continuous by equicontinuity of {ha}. 

Since by definition 

/ / hn(sso,tto)d#(s)d#(t)  = h~+l(so, to), 
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Lebesgue's theorem yields that  h �9 (# x It) = h, and by ergodicity of # • p, h(s, t) 

is constant on S x 8. (3.1) follows from 

l lUnT( t )x  - U~T(s)x i l  2 = hn( t , t )  - 2h~(s , t )  + hn ( s , s )  ~-.oo" O. 

Now we apply Lemma 3.1 to obtain strong convergence of U ~, to a projection 

on { y: Uy = y}.  Let Uy = y. The strict convexity yields T ( s ) y  = y for every 

s �9 S = supp(tt). Hence for t �9 $ we take some s �9 S and use (3.1) to obtain 

I l y  - U n T ( t ) Y l l  = I I U n T ( s ) Y  - U = T ( t ) Y l l  --+ O. 

Since IIUll 1, also U*y = y [K, p.3], so for t �9 ,5 we have 

(y, T ( t ) y )  = (U*ny, T ( t ) y )  = (y, UnT( t ) y )  --* Ilyll 2. 

Since IIT(t)ll _ 1, we must have T ( t ) y  = y. I 

P R O P O S I T I O N  3.3: Let  it be a probabil i ty  on a locally compact  a -compac t  group 

G. Then  tt is comple te ly  mix ing  ~ tt x # is ergodic ~ p is ergodic and str ic t ly  

aperiodic. 

Proof." For any Markov operator on L1 of a a-finite measure space, complete 

mixing implies ergodicity of the Cartesian square (e.g. [AaLWe]), which clearly 

implies ergodicity of tt. Ergodicity of # x tt implies that  if 0 ~ f �9 Loo(G) with 

t t , f  = Af, [A[ = 1, then A = 1 (and f is constant), since (it x # ) ( f |  = f |  

The strict aperiodicity follows from the following lemma. 

LEMMA 3.4: Let  # be an adapted probability, with support  S, on a locally 

compact  a -compact  group. I f  It is not  s tr ic t ly  aperiodic, there exists  a continuous 

character f on G, f = A # 1 on S, [A[ = 1, and tt * f = A f ,  it �9 f = ~ f . 

Proof'. Let H be the smallest closed normal subgroup, a class of which contains 

S. Since # is adapted, G / H  is an Abelian monothetic group [DL3,1.6], and there 

is r E G with S C Hr .  We assume tt not strictly aperiodic, i.e., H # G. Then 

r ~ H,  since tt is adapted and G / H  is non-trivial. 

Let ~ be the canonical map of G onto G / H .  Then ~(r)  # eG/H since r ~ H,  

and by commutat ivi ty  there is a continuous character ~( on G / H  with X(~(r ) )  = 

# 1. Define f ( t )  = X(~( t ) ) .  For s �9 S we have ~(s) = ~v(r), so f ( s )  = f ( r )  : A. 
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Clearly f is a continuous character ,  and satisfies 

# * f(t) = f f(ts)d#(s) -- f f(t)f(s)d#(s) = Af(t), 

[~ * f(t) = f f(ts-1)d#(s) = f f(t)f(s)d#(s) = Af(t). 

Remark: If G is Abel ian or compact ,  then  the 3 conditions of Propos i t ion  3.3 

are equivalent see section 2. This  is also t rue if it is spread-out  [G], or recurrent  

(Theorem 2.2). 

LEMMA 3.5: Let T(t)  be a continuous representation of a locally compact semi- 

group $ by contractions in a uniformly convex Banach space X.  Then for every 

x e X we have f [[T(t)U;x - U;+lxl[dtt(t) ~ O. 

Proof: Since the result is obvious  for iiUnxil 0, assume ]iU"xli I c > 0. Let 

f [ [T ( t ) U~ x -  Un'+Xx[[d#(t) converge to a number  a .  By  L e m m a  2.6 with j -- 0, 

there is a subsequence of {n~} (still denoted by {'hi}) with 

[[T(t)U~'x + U~'+lx[] -~ 2ctt a.e. 

For such a t, let 
T( t )Un,x  un,-[-1 x 

y ~ -  [[U,~,x[ [ and z ~ -  [[U,,x[~ [. 

Then  []Yil[-< 1, [[zi[] _< 1, and [[yi+zi][ ~ 2. By uniform convexity, ]lyi-z~[[ ~ 0. 

Hence [[T(t)Un~x - U"+lx[[ --~ 0 # a.e., and a = 0. B 

Remark: The  l e m m a  is given a different proof  in [DL3] (which applies also to 

semi-groups).  A simple proof  for Hi lber t  spaces is also given there. 

THEOREM 3.6: Let G be a locally compact group in [SIN]. Let # be an adapted 

and strictly aperiodic probability on G, and let T(t)  be a continuous representa- 

tion of G by contractions in a uniformly convex Banach space. Then U ~ converges 

strongly to a projection P on F, with P ( N )  = {0}. 

Proof: Fix x e X.  Let  gn(t) = HT(t)Unx - v ' + l x l [ .  Then  gn(t) is (uniformly) 

equicontinuous (which is proved as in Theo rem 2.9). We show tha t  

][T(t)Unx - u n T l x [ [  ----+ 0 for every t C S. 

Let to E S. Let  {ni} be a subsequence with l iml[T(to)Un'x - u n i + l x [ [  - -  o l .  We 

show a = 0. By L e m m a  3.5, there exists a subsequence of {ni} (still denoted 
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{ni}) with I IT( t )U~'x  = U~'+lxll  ~ 0 for #-a.e. t, so 

So = { t �9 S: I IT( t )U~'x  - u~*+lxll ~ o} 

is dense in S. By the equicontinuity of g , ( t ) ,  let A be such that  s - I t  �9 A 

Ig~(t) - gn(s)l < e Vn. There is t �9 So in toA, so 

9,,  (to) _< (t) + o + 

Since e is arbitrary, a = 0. Hence [[T(t)Unx - T(s)U~x[[ --~ 0 for t, s E S or 

I[T(t)V'~x - Vnxl[ --* 0 for t �9 S - 1 S .  But also ][Unx - T( t -1)U~+lx[[  --* 0 for 

t �9 S, so I I T ( t - 1 ) V " x  - T ( s - ~ ) V ~ x l l  ~ 0 for t, s �9 S, or I IT ( t )V"x  - V"x[I --* 0 

for t �9 S S  -1.  Applying the same to U k, and to the vectors UJx  for 0 ~ j < 

k, we have HT( t )Vnx  - V"x]] --* 0 for t �9 U ~ = I ( S - J S J U S J S - J ) .  Let S '  = 

{ t  �9 G: ]]T( t )V"x  - U"x]] ~ 0}. Then S '  is a semi-group (hence a group), 

dense in G. By the uniform equi continuity, since lim I IT( t )Unx - U"xl] = 0 on 

a dense subset of G, it is 0 everywhere, so S '  = G. Now IIU~+lx - Unxll <_ 

f HT( t )U"x  - U"xHd#( t )  ~ O. Hence, by reflexivity, U" converges strongly. The 

identification of the limit is proved in Corollary 2.10. | 

Remark:  If # is spread-out, we do not need to assume G in [SIN], since the 

equi-continuity of {gn(t)} used in the proof is proved as in Theorem 2.11. We 

thus obtain a different proof of Theorem 2.8 of [DL3]. 

THEOREM 3.7: Let  G be a locally compact  amenable  group, and let # be a 

s tr ic t ly  aperiodic adapted probabi l i ty  on G. Then  for every bounded continuous 

representation of  G in a Hilbert  space, (U,) ~ converges weakly  to a project ion P 

on F,  wi th  P ( N )  = O. 

Strong convergence to P holds in the following cases: 

(i) G is in [SIN] (In particular, G is discrete, Abel ian or compact) .  

(ii) # is recurrent. 

(iii) # x p is ergodic. 

(iv) tt is spread-out.  

(v) # is symmetr ic .  

Proof." Since G is amenable, by a result of Dixmier [P, p.187] (or [Ly, p. 83]), 

the bounded continuous representation T( t )  in the Hilbert space is equivalent to 

a unitary representation. Thus, results for unitary representations transfer to 
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bounded  representat ions.  The  weak convergence now follows f rom [DL3]. Simi- 

larly, the s t rong convergence in the cases (iv) and (v) follows f rom [DL3], and in 

case (iii) - -  f rom Theorem 3.2. Case (ii) is a direct consequence of T h e o r e m  2.2 

(a recurrent  adap ted  r a n d o m  walk is ergodic) valid for any  bounded  continuous 

representat ion.  Case (i) follows from Theorem 3.6. | 

Remark:  Each of the conditions (ii)-(iii) implies the needed amenabil i ty.  

LEMMA 3.8: Let  {xn} be a bounded sequence in a uni formly convex Banach 

space, satisfying ( i ) I 1 ~ + 1  + xm+~ll < IIx. + x~ll  for ~ , m  �9 N.  If 

l i m i n f ~ - ~  IlXn - x~+k]l = 0 for a given k �9 N ,  }hen IlXn - xn+kll ~ - ~ "  O. 

Proof: By (i) IIx~ll decreases, say to a;  we have to prove only for a > 0. 

Let e > 0. There  is n~ such tha t  IIx~ II < a + 6. 

Fix n > n~. There  is ni _> n with Ilxn, - x~,+kll < 6. Then  by (i) 

IIx. + x.+~ll  > IIx., + x.,+kll >__ 211x..ll - ~ > 2~ - 6. 

Since Ilx,+kll < Ilx, ll _< a + 6, by uniform convexity Ilx, - x,+kll  < e (when 

> 0 is chosen according to the uniform convexity).  | 

THEOREM 3.9: Let  {xn} be a bounded sequence in a uni formly  convex Banach 

space, such that  

(i) Ilxn+l + Xm+lll _< IIx. + x ~ l l  forn,  m �9 N.  

(ii) For every ~ > 0 there exists  k >_ 1 wi th  liminfn_~oo I[xn - xn+kH < e. 

Then either there exists  K wi th  limn-.oo IIx~ - X~+K[[ = 0, or {x~} has a 

strongly convergent subsequence. 

Proof'. By (i) wi th  m = n we have tha t  {llxnll} is decreasing, so let a = l im Ilx, ll, 

and we have to prove only for a > 0. 

For ~ = 1/ i  there is a kl wi th  l iminf,__.~ IIx, - x , + k ,  II < 1/ i ,  so we can choose 

inductively n~ T co with  I[x~. - x n , + k ,  [I < 1/i .  Hence limi__.~ [ [xn , -  xn,+k. [1 = 0. 

(a) Assume first t ha t  there is an infinite number  of values of ki, so (by taking 

a subsequence) we m a y  assume ni T ~ ,  ki T c~, l im [[xn, - x~,+k, [I = 0. 

Then  for any 6 > 0 and N,  there exists i such tha t  ni > N,  and [ Ix~, -x~,+k,  I[ < 

a, IIxN+~. II-< ~ + a. 
Take 5i ~ 0. Let N1 be such t ha t  HxNlll < a + 6 1 .  Apply  the above for 

N = Ni, 5 = 5i, to ob ta in  nj, > Ni and kj, such tha t  Ilxn~, - x~ ,+k j ,  It < ~ and 

ilxN,+k~. II < ~ + ~. 
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Define now N/+I = Ni + kj . 

By (i), since nj, > Ni we have 

l[xg, + XN,+I [[ = [[XN, + XN,+k~, I[--> t[xn~, + x~j,+k, [I --> 2[[xn~, [ [ -  6i > 2 a -  6i- 

Also [[XN, [[ <_ a + 6i, l[xg,+, [[ _< a + 6i+l < a + 6i, so by uniform convexity (and 

choice of 6~) 
1 

IIxN,- XN,+, II < ~7" 

Hence {XN~ } is strongly convergent. 

(b) Assume now that {ki} takes only finitely many values. Then there ex- 

ists k > 1 such that liminfn__,~ llxn - x .+k l l  = 0, so, by the previous lemma,  

Itx~ - x , + k l l  , - . ~ ,  0. a 

THEOREM 3.10: Let G be a locally compact group in [SIN] and let p be a 
O 0  probability on G with support S, and assume that e E Uk=l Uj=0 s - J  sJ+k I f  

T(t)  is a representation of G by contractions in a uniformly convex Banach space 

X ,  and x E X ,  then {U"x}  contains a strongly convergent subsequence. 

Proof: The proof of Theorem 2.7 applies to show that  for e > 0 there exists a 

k > 1 (chosen so that f~J �9 #J+k(A) > 0, which is possible for a neighborhood A 

of the unit by our assumption), such that for every y E C =conv{  Umx: m > 0} 

we have 

lim IIV"y § v " + k y l l  _> 2c(y)  - ~. 

We assume c(y) > 0, so for n large c(y) _< Ilun+kyll <_ IlU"yll < c(y) + s By 

uniform convexity, IlU"y - Un+kyll < e for large n. 

By the previous theorem, either {Unx} contains a convergent subsequence, or 

for some k _> 1 we have l im~oo  IlUnx - Un+kxl[ = O. 

Assume that IIUnx - un+kxll n._.oo, O. Let Y = clm{ Unx In >_ 0}. Y is 

invariant under U, and for every y E Y we have HUny - Un+kyl[ -+ O. Since Y 

is reflexive, Y = { z E Y: Ukz -- z} @ (I  - Uk)Y  by the ergodic decomposition 

for U k on Y. Hence Unky converges strongly on Y, so Unkx converges strongly. 
| 

Remarks: (1) If # is spread-out, a stronger result holds, without assuming G to 

be in [SIN], by Theorem 2.11. 

(2) The assumption on S in Theorem 3.10 seems only slightly weaker than that  

of Theorem 2.7, but it allows the treatment of p irreducible as a special case. 
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THEOREM 3.11: Let G be a locally compact non-compact group in [SIN], and 

let # be an adapted probability on G, with support S, such that 

e C S - i S  j+k . 
k = l  j•O 

Then [1#'~* fl]2 -* 0 for every f �9 L2(A), and lip '~*f]l~ -~ 0/'or every f �9 Co(G). 

Proof'. We already know, by [D1] or [M], that p n ,  f _, 0 weakly in L2, for 

f �9 L2. By the previous theorem we then have Hp n �9 f[[2 ~ 0. The assertion 

about Co(G) follows from that in L2, as was proved in [DL3]. | 

THEOREM 3.12: Let G be a locally compact non-compact group such that there 

exists an open set V with compact closure, with t - x v t  = V for every t �9 G. Let 

# be a strictly aperiodic adapted or an irreducible probability on G. Then for 

every compact set K,  I[p n �9 1K(X)[[~ --~ 0. 

Proof." Assume first that G �9 [SIN], and consider the canonical representation 

in L2(G) given by T ( t ) f  = 6t*f .  Since G is not compact, F = {0}. For # adapted 

and strictly aperiodic, theorem 3.6 yields [1# n , f[[2 --* 0 for every f �9 L2(G). 

This implies the result, by [DL3]. 

For p irreducible, we have G = I1~ S k, so Theorem 3.11 applies. %Jk=l 
Let now G be as in the theorem. By [GrMo, 2.5], there exists a compact normal 

subgroup H such that G' = G / H  �9 [SIN]. Since G is not compact and H is 

compact, G' is not compact. By the first part of the proof, G' has the required 

property, and by Remark (4) in [DL3, p.101], G has the desired property. II 

Remarks: (1) Our solution to the "concentration function" problem is under 

two different assumptions: # adapted strictly aperiodic, or # irreducible. The 

two assumptions are not comparable. 

(2) Willis [Wi] has recently completed the analysis of Hoffmann and Mukherjea 

[HoM], and obtained the convergence to zero of the concentration function, for 

p irreducible, on any locally compact a-compact group. The general case of # 

adapted and strictly aperiodic is still unsolved. 

(3) It is known [Pa] that groups satisfying the hypothesis of Theorem 3.12 (this 

class is denoted by [IN]) are unimodular. (It was noted in [DLa] that  for non- 

unimodular groups the concentration function tends to zero for any # adapted 

strictly aperiodic.) 
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LEMMA 3.13: Let G be a locally compact group, and let p, be a probabil- 

ity on G. Let T(t) be a continuous representation of G by contractions in a 
X oo uniformly convex Banach space X ,  and { n)~=O a bounded sequence in X sat- 

isfying U,x~+l = xn. Then for e > 0 there exists N such that for every n > N 

and k > 0, 

IIx~+k - U~xnll < ~. 

Proof Clearly Ilxnll = HU, x~+lll < Hxn+lll, so limllxnll exists, so by rescaling 

we may assume lim Ilxnll = 1 (excluding the trivial x~ = 0 Vn). 

Fix 0 < c < 1. By uniform convexity, there exists 6 > 0, such tha t  IIx + Yll > 

2 - 6 with Ilxll, IlYll -< 1 implies ]Ix - Yll < c/2.  Since U~x~+k = xn, we have 

2Hx~H =H _/[T(t)x~+k + x~]d#k(t)ll <_ ./]LT(t)x~+k + x n N d ~ k ( t )  

/ I I x~+k  + T(t-1)xnlldpk(t) = /HXn+ k 3ff T(t)x~lldf~k(t) < 211Xn+kll, 

Let 0 < c~ < 6/8  and let I]XNH > 1 - d e / 2  (possible since IlXnll T 1). Then  for 

n > N and k > 0 we obtain 

/ [2Hxn+kH IIx~+k + T(t)x~H]d[~k(t) 2(llxn+kH - IIx~ll) < _< 

Since the integrand is non-negative, we have 

~ ({t: 211x~+~LI- IIx.+~ + T(t)x.II > 

Denote the above set by A. If  t ~ A, then, for n > N,  

6 6 
IlXn+k + T( t ) x ,  II > 21ix~+kll - ~ > 2 - ae  - ~ > 2 -  6. 

By the definition of 6, we have tha t  t (f A ~ [Ix~+k - T(t)xnH < e/2. 

Hence, for n > N and k > 0, we have 

IIV~zn - x~+~ll < f IIT(t)x~ - ~ + ~ l l d ~ ( t )  < 2 ~ ( d )  + ~ < 4 .~  _ _ ~ _ - Z - + ~  <~ .  

THEOREM 3.14: Let /~ be an adapted and strictly aperiodic probability on a 

locally compact a-compact group G. Assume that # is spread-out, or that G is 

in [SIN]. I fT( t )  is a continuous representation o[ G by contractions in a uniformly 

smooth  Banach space X,  then U n converges strongly to a projection P on F, 

with P (N)  = {0}. 
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Proof: By the ergodic decomposition (X is necessarily reflexive) we have to 

show that  I1~ ~-~N=I UJx[I --* 0 implies liUnxll --* O. Equivalently [D1] we have to 

show that  if lix~[] <_ 1 and U*x~+ 1 = x* for n > 0, then U*x~ = x~. 

By our assumption, X* is uniformly convex, and S(t)  -- T*(t -1) is a continuous 

representation of G in X*. Let V, = f S(t)dp(t) .  Then U* : Vp, and by the 

previous lemma, for ~ > 0, n > N(r and k > 0, lix*+k k �9 - v ;  x il < 

By Theorem 3.6 for G in [SIN], or by [DL3] if # is spread-out, we have that  

for n fixed, V~x* converges strongly as k ~ ~ ,  say to y*. 

Fix e > 0 and n > N(e),  and let K be such that  k �9 THV~ x~ - Y*H < r for k > K.  

Then for kl > K and k2 > K,  

x *  - * x *  - V :x*ll+llV ' * - y : , l l  

k2 * k2 * X* 

Hence {x*} is a Cauchy sequence, and let l imx* = x*. Then 

LIg*x; x iL liv*n+lx:  v * " x : i l  < l l v * x :  - x il il . - 1  - x:,li 0, 

so U*x~ = x~, and the theorem is proved, i 

4. W e a k  c o n v e r g e n c e  o f  U n in u n i f o r m l y  c o n v e x  s p a c e s  

The main results of the previous sections assumed ergodicity, and in the case of 

groups, are applicable only to amenable groups. In this section we extend to semi- 

groups the weak convergence results obtained for groups in [DL3]. These apply to 

a weakly continuous representation by contractions in a uniformly convex space. 

THEOREM 4.1: [A1Bi] Let S be a semi-group of linear contractions in a uniformly 

convex Banach space X with X* strictly convex. Then 

(i) X = {y: Ty  = y VT E S}  @clm U T e s ( I -  T ) X .  

(ii) For every x E X,  ~-6{ Tx: T �9 $}  contains a unique common fixed point, 

which is P x  (P is the projection from (i) above). 

Remark: The decomposition in (i) may fail if X* is not strictly convex. An 

example in [A1Bi] shows that  then we may have x �9 X with ~-6{Tx}NF containing 

two points. 

THEOREM 4.2: Let # be a probability on a locally compact semi-group S, 

with support S, such that  the closed semi-group generated by Uj~=I S j (SJ) -1 is 
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S.  Then  for every weakly continuous representation of  S by contractions on a 

uniformly convex Banach space X ,  (U~) n converges weakly to a projection P on 

F.  I [ X *  is strictly convex, X = F | N and P ( N )  = {0}. 

Proof: Denote U s by U. It  was proved in Lemma 3.4 that  

f HT(t)U'~x - u~+Xx[[dp(t) = 0 for every x E lim X. 
n ----4 o o  J 

CLAIM 1: If f [ [ T ( t ) U n x -  Un+lxl[dp(t)  --* O, then T ( t ) U n x -  U~+Xx converges 

weakly to 0 for t E S. 

n t Proo~ If not, there exist to E S, x* E X*, and a subsequence { i}, such 

that  (x*, (T(to)  - U)U'~'xl -* a ~ O. Since our assumption implies that  

H(T(t) - U)U~x[[ ~ 0 in/z-measure,  there exists a subsequence {ni} c {n~} 

such that  HT(t )Un 'x  - Un'+lxH --* 0 #-a.e. 

Let S '  -- { t  E S: [[T(t)Un'x - Un'+lxH ~ 0}. Then #(S ' )  = 1. For every 

t E S'  we have ( x* , (T ( t )  - V)U'~'x)  --~ O. Since to E S, for any open set 

V containing to we have #(V) > 0, hence #(V M S r) > 0. This shows that  

to E S t. By weak continuity (and reflexivity) T*(to)x* is in the weak closure of 

{T*( t )x*:  t E S'}, so certainly in ~-6{T*(t)x*: t E S'}, which is weakly closed. 

Since { y* E X*: (y* - U'x* ,  U~'x)  -* 0} is clearly convex and norm closed, it 

contains T*(to)x*.  Hence 

0 ~ a = lim(x*, T(to)Un~x - Un~+lx) = 0 

which is a contradiction. I 

CLAIM 2: If f HT(t)U'~x - Un+lx[[dp(t) --. O, then T ( t ) U n x  - Unx  -% 0 for 

every t E S S  -1. 

Proof: Let t E S S  -1, so there are t l , t2  E S with t t l  = t 2 .  By Claim 1 (and the 

continuity of bounded operators also in the weak topology) we have 

T( t )V '~x  - Unx  = T ( t ) [Unx  - T ( t l )V '~ - l x ]  + [ T ( t 2 ) V n - l x  - U~x] ~ ,  O. 

02 

CLAIM 3: For x E X,  the set ,5' = { t E S: T ( t ) U ~ x  - U~x --* 0} is a closed 

sub-semi-group. 

Proof'. It  t l ,  t2 E S I, then 

T ( t l t 2 ) U n x  - V n x  = T ( t l ) [ T ( t 2 ) U n x  - Vnx] + [ T ( t l ) V n x  - V~x] -% 0 
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Hence S ~ is a semi-group. The proof that  it is closed is similar to the proof of 

Claim 1. I 

We now conclude the proof of the theorem. Apply Lemma 3.4 and Claim 2 

to #J, to obtain that  T(t )UJnx - UJnx -% 0 for every t E SJ(SJ) -1 and x E X.  

Substitute Ukx, 1 _< k < j ,  instead of x, to obtain T( t )U~x  - Unx -% 0 for 

every x E X and t E SJ(SJ) -1. By Claim 3 and our assumption, $~ = S, so 

T( t )U~x  - U~x -% 0 for any t E S and x E X,  which yields U"(U - I ) x  -% 0 for 

every x E X.  Since X is reflexive, X = { y: Uy = y} ~ ( I  - U ) X  by the mean 

ergodic theorem, hence U n converges weakly to a projection P.  

By uniform convexity, Uy = y ~ T( t )y  = y for every t E S. Hence Uy -- y ~=~ 

T( t )y  = y for t E Uj=I Sj" If t E SJ(SJ) -1, we have t t l  = t2 with t~ E S j, so 

that  Uy = y implies 

T( t )y  = T ( t ) T ( t l ) y  = T(t2)y = y. 

By the (weak) continuity and our assumption, y E F,  so the limiting projection 

P projects on F.  Since (I  - U ) X  C N ,  P ( N )  = {0} if and only if F M N = {0}. 

This is satisfied if X* is strictly convex [A1Bi] or if S is a group [RN]. I 

Remark: If S is a locally compact group, the condition on the support  is satisfied 

if # is irreducible and strictly aperiodic [DL3, Proposition 1.2]. The result of 

[DL3, Theorem 2.6] is not a corollary of Theorem 4.2, since it applies to # adapted 

and strictly aperiodic, which may fail to satisfy our assumption. However, the 

end of our proof identifies the limit in [DL3]. 

For Hilbert spaces, we do have a full generalization: # adapted and strictly 

aperiodic on a group satisfies the hypotheses of the next theorem. 

THEOREM 4.3: Let # be a probability on a locally compact semigroup S, with 

support S, such that the closed semi-group generated by 

O 0  

U [sJ(sJ)-I U (Sj)-I sj] 
j = l  

is S. Then for every weakly continuous representation of S by contractions in a 

Hilbert space, (U~) n converges weakly to the orthogonal projection on F. 

Proof: The proof of the previous theorem yields that  for every x E X and 

t E S+ = Uj  SJ(SJ) -1 we have (T(t)  - I ) U n x  -% O. Hence V*'~(T*(t) - I ) x  -% 0 
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for x E X and t E S+. Since for any contract ion T on a Hilbert space we have 

T ~ x  -% 0 ~ T*~x  -% 0 by IF3], we obtain  Un(T*( t )  - I ) x  -% 0 for x E X and 

t E S+. Since for any contract ion T on a Hilbert space, T and T* have the same 

fixed points [K, p.3], ( I  - T ( t ) ) X  = ( I  - T * ( t ) ) X .  Since { y E X:  Uny -% 0} is a 

closed subspace, we now have that  U~(T( t )  - I ) x  -% 0 for t E S+ and x E X.  

Let S* be the semi-group with the elements of S, and multiplication opera t ion 

s o t = ts,  and the same topology. Then  T*(s  o t) = T*( t s )  = T*(s )T*( t ) ,  so now 

T*(.) is a representat ion of S*, and for the probabil i ty tt, U*x = f T * ( s ) x d p ( s )  

defines the average of tha t  representation. Now A o B -1 = B - X A  and B -1 o A = 

A B  -1,  so S j o (SJ) -1 = ( S J ) - I S J .  (S  j is the same for the mult ipl ication o.) 

We apply our result to the representat ion T*(.) of S* and obtain  tha t  

U*"(T*( t )  - I ) x  -% 0 

for every x E X and t E U j ( S j ) - I S  j ~- U Sj o (~j)-l .  
Hence we have also (T( t )  - I ) U ~ x  -% 0 for t E U~~ -1.  Claim 3 

of the previous theorem and our assumpt ion yield tha t  (T( t )  - I ) U n x  --, 0 for 

every x E X and t E S, so U n converges weakly, to the or thogonal  project ion on 

( y: Uy  -- y} ,  which is proved to equal F as in the previous theorem (remembering 

Uy = y ~=~ U*y = y). I 
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